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(57) Abstract 

A binary design criteria for PSK-moduliated space-time codes is provided. For linear binary PSK(BPSK) codes and quadrature PSK 
(QPSK) codes the "binary rank criterion" (i.e. the binary projections of the unmodulated code word, as binary matrices over the binary 
field) is used as a design criterion. Fundamental code constructions for both quasi-static and time-varying channels are provided. 
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Patent Application 
of 

A. Roger Hammons, Jr. 
and 

Hesham El Gamal 
for 

METHOD AND CONSTRUCTIONS FOR SPACE-TIME CODES FOR 
PSK CONSTELLATIONS FOR SPATIAL DIVERSITY EM 
MULTIPLE-ELEMENT ANTENNA SYSTEMS 

This application claims priority to U.S. Provisional patent appUcation Serial 
No. 60/101,029, filed September 18, 1998 for "Method and Constructions for Space- 
Time Codes for PSK Constellations';, arid U.S. Provisional patent application SVrial 
No. 60/144,559, fil?djuly 16, 1999 for "Method a^^^ Space-Time 
Codes for PSK ConsteUations H", hqxh of which were filed by A. Roger Hammons, Jr. 
arid Hesham El Gamal. . a , . 



Field of th6 Invention : 

: ; /; The invention relates geneAy to PSK-modujated space-time codes and more 
specifically; to using fundamental code constructions fc^r; qua^i-static and time-varying 
chaiiiiels to provide fiiU spatii'divertity for an arbitrany'-number of transmit .aii^^nnas. : 



OOlBOSfiAl l > 



<7 -j? 

WO 00/18056 _ PCT/US99/2I850 



Background of the Invention :- / ' • i . : . 

Recent advances in coding theory include- spacertime. codes .which provide diversity in 
multi-antenna systems over fading channels -with channel coding across a small number 
of transmit ant^nriasV For wireless communication , systems, '^ number of, challenges arise 
from the harsh RF prbpagaf ion environment characterized by channel fading 9,nd, co-channel 
interference (CCI) . Cix^nel Can be attributed to diffuse and specular multipath, while 

CCI arises from reuse radio' resources; interleaved coded/modulation on the transmit side 
of the systeni and multiple antefmas^oif the receive side are standard methods used in wireless 

, communication syst'eihs to- combat time-varying fading, and to mitigate interference. Both 
are exarriples of diveirsity tedhtiiqusL ■ ^ ^ : 

Simple transmit divfe^ity 'sbhenttys ' (ih' which, for example, a> delayed, replica of the trans- 
naitted signal is rctransmitted'Chrough "a second, spatiaUy.independent antenna and the two 
signals are coherently cbrhbined at the i-eceiVer by a channel equalizer) have also, been consid- 
ered within tbe wireless c6mmuiiicati6ns ihdiistry as a method to combat multipath fading. 
From a coding perspective, such transmit diversity schemes amount to repetition codes and 
encourage consideration of more sophisticated code designs. Information-theoretic studies 

. , . have dernonstrated.th^t the capacity of multi-antenna systems significantly exceeds that of 
V . convention^ single-antenna sys^ms for fading channels, f he chailenge of desighing channel 
codes for high capacity multi-antenna systems has led to the development of "space-time 
codes," in which coding is performed across the spatial dimension (e.g, antenna channels) 
as well as' time: The existing body-of work on space-time codes relates to trellis- codes and 
a block coded modulation scheme based on orthogonal designs. Example code designs that 
achieve full diversity for systems with only a small number of antennas {L = 2 and 3) are 
known for both structures, with only a relatively small number of space-time codes being 
known. Thus, a need exists for a methodology of generating and using code constructions 
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which allow systematic development of powerful space-time codes such as general construc- 
tions that provide full diversity in wireless systems with a l.arge number of antennas. 

The main concepts of spacentime coding, for quasi-static,, flat Rayleigh fading channels 
and' the prior knowledge as to: how to, design :them,^Yal now be discussed. For the purpose 
of discussion; asource generates, fc. information symbols from the discrete alphabet A", which 
are eiictfded %- the^terror control code )C to, produce. co4e,wp/ds . of Jength 
the syriibol alphabet y. The encoded symhoh are pa^?ftd ^Qn^- L, transmit antennas and 
then mapped by the modulatoD into cORStdladaon points-from th^^^ 

signaling corikellation for transmission acrps^,a.chaxineI..,;The naodulated streams for all 
antennas are transrnitted 'Simultaneously.,^ ^ 
collect the incoming transmissions. The received basql^a^d, sisals, are, subs^^^ decoded 
by the- space-time decodei'.iEa^-spati^^ai^WfWe,,]^ pn^ transmit a^enna and 

one receive anteima) is assumed to experience ^t^jsticaUj^ m<fep^dent flat Rayleigh fading. 
Receiver noise is assumedlo /he additive. white.Gav;ssia^:n9^ code 
consists as -discussed her&i ^^^\y-i^i.^m^^P^.^<?,Sif>ntrol code to^tl^ with the 
spatial parsing format. . ' * * _ "': ta.-.. iy ?, v; ; : - , , -r*.; 

Definition 1 An L x n space-time 'codeCWsize t^'consMs Wi^'ttvfMr'^^ control 
code c and a spatial parser a that maps each iii^e w^d' vector c £ C 'to iin L x n matrix c 

whose entries are a rearrangement 'of those 'o} l^'ThFsjiSce^iirn^'^d^ C ii said to be linear 

- ^ • - ii^ii';-- •'.:"-'.:a\. '^/v^^^'^v- -'ww ■-.] '^tr-y: 

if both C and a are linear. 



Except as noted to the contrary, a standard parser is assumed which,maps . 
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to the matrix 



c = 





cl ■ 


■■ ci -1 




cl '■ 


cl 




4' ■ 





In this notation, it is understood that cj is thfe tode synibol -assigned -to transjjiit antenna i 
at time t. 

Let f : y ft he the modulator mapping function. Then s = /(c) is the baseband 
version of the code word as transmitted^ channel. For this system, the following 

basebaaid model of the receivesd signal' is 'presented: ' . _ - . . ) _ < '} ; 



(1) 



where yi is the signal receiived at/ antenna j- a^ time t] aij is the complex path gain from 
transmit .antenna i to receive antenna j; sj — /(cj^ is the transmitted constellation point 
corresponding to cj; and is the AWGN noise sample for receive antenna j at time t. The 
noise samples are independent samples of a zero-mean complex Gaussian random variable 
with variance per -dimension, .JTh^^ fading channel' is quasi-static in the sense that, 

during the transmission of n code woxd symbols across any one of the links, the complex 
path gains do not change with time i, but are independent from one code word transmission 
to the next. In matrix notation, " ' ' • ' 



(2) 



where; 



Y = 
A = 



yl 



[yl 

• [-n\ 
[ oiii a2i 



12 2 

Vn yl yl 



1- ; '^rr- 



n 



2r. 



yt yt 



n 
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Dc = 



/(c) 0 
0 /(c) 



0 



0 
0 

0 

' /(c) 



LrLtXLrn 

Let code word c be transmitted/ Then.th^e pairwise error probability that the decoder 
prefers the -alternate icode: word- e,. to c is given by . . •; . . . / / . ' « - - . 

P(c-.el{ao}) = P(V<Ol{ao}), ' ' '\ 

where V = ij ^(Dc - De)l+ t|./^ ll^isra.Qauissian randprn variable., wjth meaii E{y} = 
II ^(D^ - De) IP and variance Var{V}, =:2Aro.;E{Y}T T>us, ; , - . - , , 

.(v<oK..„-=,a{m?^) (3) 

For the ^uasi-static; flat lUyTei^h fa^^^ (4) c'aiii be maiupulatfedsliO-'yield 
the fundaihental bbiind: - ■ . .j . , . 



- UNoJ 



' (6) 



where r = rank(/(c) - /(e)) and i/ = (AjAj • • ■ XrY^' is the geometric mean of th^ nonzero 
eigenvalues of A = (/(c) - /(e))(/(c) - /(e))". 

This leads to the rank and equiveileiit pfoddct distance criteria for space-time codes. 

(1) Rank Criterion: Maximize the diversity advantage r = rank(/(c) -/(e)) over 3:11 pairs 
of distinct code words c, e € C; and _■ . . , 

(2) Product Distance Criterion: Maximize the coding advantage rj..= {XiM •> • KY^"" over 
, all pairs of distinct code, words c,e 6 C. ... . .. . ^ • ;, ' 
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The rank criterion is the mor^ ilriiidrtant of the two criteria as it determines the asymptotic 
slope of the perforrnance curve as a function of E,/No. The product distance criterion is 
preferably of secondary ' importance and' is ideally optimized after the diversity advantage is 
maximized. For an L x n space-time code C; the maximum possible raiik is X: Consequently, 
full spatial diversity is achieved if all baseband difference matrices^ corresponding to distinct 
code woir'ds in C have full iank ■ i . ' .. ,, . p. . 

Simple design t\i\^ ioi kpi£e^^iime trelHs codes" have been proposed for :X. = 2 spatial 
diversity as follows:' " ' '" '■ ■ ' • ' -i ' ■ . ^ ,-. ,- 

Rule 1. Transitions-departing from the' same state differ only in th'e second symbol. 
' ^"^^ 2- Transitions rriergilig kt the 'sahrte state diffeir only in the first symbol. . 
When these rules are followed, the cbdi^ word diffetence rnat'rices are 6f the form " ' 



-/(c) -r /(e) = 



xi 0 



with a;i,a;2 nonzero complex' nuniber^s: Tlius'; every such difference matrix has full rank, and 
the space-time code achieves 2-level-spitia;I diversity. Two' godd-eodes that satisfy these 
design rules, and a few others' that 'd6 riot, have been ^handcrafted using computer search 
methods'.' ' " ' ■>•"'■" , ' . -., ■ . 

The concept of "zeroes symirietry'' has -been introduced as'>a generalization of the above- 
referenced "design rules for higher levels of diversity L > 2. A space-time code has zeroes 
symmetry if every baseband code word difference /(c) - /(e) is upper and lower triangular 
(and has appropriate nonzefo entries to' 'ensure full rank): The zeroes syinmetry property is 
sufficient for full rank but not necessary;' nonetheless, it is useful in ^constraining computer 
searches for good space^tiirie codes. ' ■ i- ; • .,. .<■,,■■■ 

Results of a computet seai-ch iridertakeii to identify full' diversity sjjace-time codes with 
best possible cddiiig advantage have' beeh presented."' A small taBie of short 'Consti-aiiit length 
space- tinie trellis codes" thTat achjevefuU 'spatial diversity (L'= -2; -Si and-S^^^^^ 
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tion; L = 2 for QPSK mo4u\ation) is ayailabje, Diffiqulties, however, are encountered when 
evaluating diversity and coding advantages for general space- tipie .trellis codes. As a general 
space-time code, construction, delay diversity schem.es, are known. to achieve full diversity for 
allL > '2 with the fewest possibly number of states, , . • 

- A computer, search similar tp-the above^refer^nced pomput^r search has identified optimal 
L = 2 QPSK space-time trellis codes of short constraint ^length,.^^ The results .agree with the 
previous results regaE4ingv.the optimal^roduct. di^t^^ have different 

generators, indicating that, at least for L = 2, there is a multiplicity, of .optimal codes. 

A simple transmitter- diversity scheme for-twf^ ^titennas. hajf been introduced whcih pro- 
vides ,2- level diversity gai9 with iriod.es^t.j decoder c^^ Ip. J'his schenrie, independent 
signalling constellation, points a^i,.x.2 are tra^iism^ttgd sj^^ different trajismit an- 
tennas during a given symbol interval. On the next symbol interval, the conjugated signals 
-x5 and xj are transmitted. by the respective atitennais:' Thii^ scheme has the property that 
' the two transpii.ssions are orthogonal Jn, botli-itim^ ^nd the^spatml dinaens^ . 

The Hurwitz-Radon titeory of red and . j:Qmi)]e^^ designs are a known gen- 

eraliz.ation this scheme to multiple transmit .atft^pn^ias,^^ prtho^nal designs, howeyer, are 
not space-time codes as defined herein since, depending on the constellation^ the complex 
conjugate operation, that is essential to tbese^desigps.m^^ not^ hav,^. a ^i?cret^^ algebraic inter- 
pretation. . The complex g-eneralized design? iQT.^^ = 3...^d 4 aptennas .also, involve d^ 

.by :r> • n... . , : \ ■■ ^r.^'^-:- Srio-v bi:^<i '^'^'\ \ \ .inr. 

. - To; summarize, studies on the- problem^ .pj[ , signal^ 

have. .led. :to the development of , the .fundamexit^.1. performance parameters for ^pace-time 
codes over quasi-static fading channels such as: (1.) diyerspiy advantage, w^^^ describes the 
exponenti,al decrease of decoded .error ratervpsu^,sign£Ll-tp:n^^ ratio (asymptptic slope of 
the pei;fQrmanc€::Curvp on a log-log scale); ^nd;C2),.cp^m^ a^ does not affect 

the asymptotic slope but results Jn a shiftpf.tjie p^erforma^ are, 
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respectively, the miriimum rank' anH' niTnimuih'geometr^ ofrthe nonzero eigenvalues 

among a set of complex-valued matrices associated with the differences- between baseband 
modulated code words.' A small 'number of interesting/ handcrafted trellis, codes for two 
antenna systems have been presented 'which provide 'max'imum 2-^level diversity advantage 
and good coding' advantage. ■ - ' ^ • r 

One of the fundamental' difficulties of space-time codes, .which has; 30- far hindered the 
development of more general results, is the fact that the diversity^ and- coding advantage 
design criteria apply to the comprex doinain of baseband modulated signals,, rather than 
to the binary or discrete' domain in which the -underlying codes are traditionally designed. 
Thus, a heed also exists fbr bihaty xiiik cnt^ria for genera BPSK arid QPSIC-mpdulated 
space-time codes, • . / o . - . . . ^ - . 

Summary of the Invention : ^ ^' : . ,u , -.l . 

The present invention overcomes the xKsaUvanta^ of known trellis codes, generated via 
design rules having very simple structure. In accordance with the. present invention, more 
sophisticated codes are ptbvided using a method involving design rules selected in accordance 
with the preferred embodiment of the present invention. These codes are straightforward to 
design and provide better performance than the known codes The present invention also 
provides a significant advance in the'thebry of space- time codes, it provides a code design 
method involving a poAverful set of design rules in the binary domain.. Current design criteria 
are in the complex baseband domain, and the best code design rules .to . date are ad hoc with 
limited applicability. ' ^ ' ' ' '^'-^ ' *-' ' ' * : / . ^ , 7 

The present invention further provides' a; systeriiatic 'method, other than the simple delay 
diversity, of designing space-timV codes to acW^ diversity, for arbitrary numbers of 

antennas. The perfofmance oFspacel^tiiAe'codes designed in accordance with the r^ethodology 
and construction of the pre^tot; invention exceed that of Other known designs; 
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Briefly summarized, the present- invention relates th^. design of space-time codes to 
achieve full spatial diversity over fading channels. A .general binary^ design criteria for phase 
shift keying or PSK-modulated space-time codesas presented, ,ForJinear binary PSK (BPSK) 
codes and quadrature PSK. (QPSK). codes, jthe rank (i.e., binary projections) of the unmodu- 
lated code words, as binary matrices over the binary field, is a desig.ii criterion.. Fundainental 
code constructions for -both quasi-static aftd time- varying chaxinel?.^re provided in accordance 

with the present invention. * • A - 7-; - :.- . ■-. 

• A communication method. in accordance, with ^ji.e.inbodim.ent .of the present invention 
comprises the steps of generating information symbols for. data, block frames of fixed length, 
encoding the-generated information symbols with, an jm^^rlying error coiitrpl code to produce 
the code word symbols, parsing the produced code word symbols to allocate the syrnbols in 
a presentation order to a plurality of antenna Unks, mapping the parsed code word symbols 
onto constellation points from a discrete complex-valued si^.aling constellation, transn^itting 
the modulated symbols across a compiuniqatipn c^aimel^^^^^^ 

■ providing a plurality of receive antennas at., ^,rec^dypr tQ,.coll^^^^^^^ and 
decoding received haseband.signals.with a.sp^^-time docpd^ . . ^ , . . , „■ . , . 

Brief Description of the' Drawings : . - .... . ,-. 

. ' The various aspects, advantages and novel features pf th?- Present i™ more 
readily Comprehended from the following .det^ileci desqpi^ti9ji.w:l?ep read in conjiiiiction with 
the appended drawings in >which: ' ■> ^ ■ , .- , ... , , . ^ ■. .. ., ., 

Fig. 1 is a block diagram of an exemplary digital ceUular Direct, Sequence^Cpde Division 
Multiple Access :(DS-CDMA) base^statipnTtp-rnobilerstation^lo^^ 

■ Fig; 2-is a block.diagram of a.system for a digita-l cellul^r^systep^. which implements space- 
time encoding and .decoding ift accord^ce, with ari embQdim^nJ.,of the .present invention; 
Fig.. - 3..is a block diagram, illustrating spa(:e-time..^nc;p^ng and decoding 



0018056A1J _> 



Wo 00/18056 PCT/US99/21850 



with an embodiment of the present invention; * ■: -.^^ . W :. - v • ' ; 

Fig. 4 is a block diagram- of a full-diversity space- time' concatenated encoder constructed 
''■ iri accordance with an embodiment of the present invention;- and . ;.:,s , - . r. 

Figs. 5a, 5b, 5c and 5d illustrate how known spacertime codes for, QPSK modulation 
' over slow fading channels complies with ;general design rules selected in accordance with an 
embodiment of the present invention, 

Throughout the drawing' iigutes, like reference numerals will be understood to refer to 
' like parts and: comiponents.^ : •; • : : ' ; ■ . 

Detailed^ Descriptioxi '[of the Preferred Embodiments : : ; / . , : ^ r 

- Referring to Fig; 1, by way of an example, a conventional digital -cellular Direct Sequence 
Code Division Multiple Access (DSCDMA) base-station-to- mobile-station (or forward) link 
40 is shown using £t conventioiiali.€ohvolutionaLencoder and Viterbi decoder. Fig. 1 also 
illustrates the iriobile-statit^n^tcHbi^ ^ r ^ ' >. 

" • ' At the transriiit end, the system lO'dn Fig:- 1' coniprises a data' segmentation and framing 
^ module 16 where user information bits are assembled into fixed length frames from transmit 
■ ^ dalta blocks 12.' The iV^bits pep fratne are input to the base station's convolutional encoder 18 
of rate r, which produces A^/r code -Symbols at the input of the channel interleaver 20. The 
^ channel inteirleaver 20 performs psetidcH-raLndbni^^^ of code symbols, and outputs the 

^ re^arfanged^symbols to 4Ws^ sp?ictr\mi modulator 22. The spread spectrum modulator 
22 uses a user-specific transmit PN-code generator 24 td produce a spread spectrum signal 
' which is carried'on a RF; carrier to the transrriitter 26, where a- high power amplifier coupled 
to the trainsmit antenna 28 radiates the i^ignal to the base station. The techniques of spread 
spectrum modulation and *RF transmission are well known art -to one familiar with , spread 
spectrum^coirin^ : . -- L . 

o > > 'The signal received ar the' Mobile station antenna 30 is amplified in:the RF receiver 32 
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and demodulated by the spread spectrum- demodulator -34,. which uses the same PNrCode 
generator '36 as used by the base station transmitter to de-spread the signal. The demod- 
ulated symbols are de^interleaved by the channel de-interleaver. 38 aad inpu.t to the Viterbi 
decoder 40. The decoded information, bits are reconstructed using^data block reconstruction 
42 into receive data blocks 14- and forwarded ;tQ the. data. terminal equipnient at the receive 
end. ... It • . 

With reference to Fig. 2, a digital leellulax ibase-statibij-LtOfmQbile-statio^ is shown 
to illustrate the implementation of space- time encoding and decoding lEi '.accordanqe with 
an embodiment of the present invention. While CDMA system is used as an example, 
one familiar with the art would consider jthe-pi^sent ilaventio of 
wireless systenis; which can employ otherl types j of -multiple, access siieb as time 

division multiple access (TDMA).. ■. -.r'. ; /. VdC^ r:v!; joJ' • i'.:l\si \ .;vr I . 

Transmit data-, blocks 52: from the :data^ terminal equipment' are vsejpnented; and ^framed 
56 into fixed frame length and applied to. the ::Tnobile^s.:cha^ The 
output from a channel encoder: 60 is fedrM the . 'spai^-Aime forma* tCT determines 
the parsing (allocation and presentation order) of;t!he:j3odedt_symbols to the various ^xansmit 
antennas 70a, 70b, 70c. The spatial formatter o.utpiatT isi applied rt6 the spread spectrum 
raodulator 64 which uses a user specific PNrCoxk: generUQr^§6. tp/:ereat spread spectrum 
• signals, carried on a RE carrier via base KFvtxan&ijijtter. 68,..t0 th^ mobile station transmitter. 
The transmitter, with:.high power.amplifier.CQiqpled.to; ibh^;; the 
signals via. separate transmit antennas tQ thejr .mobile; sta;tio^^^ • / ; : . 

The signal received at one or niore mobik station. jaijteQna(s) 72 is amplified in the. mobile 
RF-receiver 74 .and demodulated in a phase-shift keyingdemo;dulator 76, which uses the same 
PN-code generator 78 as used by. the base statipu ftr^nsmitt^r^ to:4^;spj*ead the: signal. The 
demodulated symbols are processed at space-time defiod^r;80i.b^rt^pisp9<ce-Jime de-.f^^ 
82 and input to the chfiomel decoder 84. The; decoded iirfprmation;. bits ar^ . reconstructed 86 
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into receive data blocks 54 and forwarded to the data terminal equipiTieht' at the receive end. 
Based on the space-time code used, the de-formatter 82 and' the decoder 84 can be grouped 
. .in a single maximum likelihood Receiver. • * ' ' • . : i; 

-Fig. 3 illustrates an exemplary comriiuni cation system 90 having a path 92 from a source 
;and.a path 94 to a sink and which can be-^a syStem bther^ than a cellular 'system'. The system 
. 90. has a sp^ce-time encoder 96 that^ is similar to the encoder 58 'depicted' in Fig: 2 in that it 
comprises a channel encoder Q^^and a spatial formatter 100. Plural modulators i02a, 102b, 
. 102c, and so pn, ;are also provided: At the receiver end, a space-tixne demodulator 104 and 
a spiace-time. decoder 106 are provided; — ; : ^ • ^ ^ ^ 

With continued xeferencfe to Fig;^ =3, the source generates k information symbols from a 
discrete alphabet X on the path 92' vrhich are encoded by an error cohtroV code C by the 

J/ space-time encoder 96. The space-time e^ebde^^ code words of length N over the 

. . ' . symbol alphabet Y. The encoded syfdbols' are mapped by this mbdiilators' 102a, 102b, 102c, 
and so on, onto constellation points frblm-a di cbmplex-valu^d signaling constellation 

for transmission across -the channel; The ihod-ulated ra;dio frequency signals for all of the 
L: transniit atitennas 102a; lt)2b, 102c^^ oh, are transmitted at the same time to 

the receiver space-time demodulator 104. The space^time channel decoder 106 decodes the 
signals: to. the received data path 94i> 'As^ shown ■ the receiver provides M receive antennas to 

... collect the incoming- traifsrixissions. The received baseband signals are subsequently decoded 
by :the space-time decoder 1 06.' The space- time code preferably includes an underlying error 
control code, together with the- spatial parsing forma^^ as discussed below. - - 
V Fig. 4 depicts an exemplary conca:tenated space-tiihe encoder 110 for implementing a 
full- . diversity :spaGe-time concatenated coding sequence. -The coding' sequence employs an 
outer code 112 which provides signals' to a sp^ial form 114.' Sighafe'from the spatial 
fQrmatterU14 are^separated for codiiig 'at- inner code 116a; itl6b, il6c,* and^o on, which 

o , provide signals that -axe modulated, respectively, by modulators 118k, I18b, li§c, and so on, 
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for transmission via antennas 120^, 1,20b, :120c,- 4nd so on. .A convolutional encoder applying 
the binary rank. criterion for QPSK modulated space-iime codes is shown in block diagram 
form in Figs. 5a through 5d in which known trellis space- tinie codes* proposed for QPSK 
modulation axe -sho;wn to comply with theigeneral design rules of the present iiivent ion. 
Spa,ce-time trellis codes , are shown. in Kigs.. 5a:thrpugh.5d^ respectively, for 4, 8, IGy and 32 
states which achieve full, spatial, diversity.. As :sh^ .the- delay structures 122, 124, . 126, and 
128 provided for each, .respective code design are encmgb tof ensure that L = 2 diversity is 
achieved. In the text below, a numbej of Jcnp>yn codissbare show'^ torbe special, cases ^of the 
general constructions presented in accordance v^iith.the preaeiit invention. • In addition, the 
present inverition provides uew delay diversity ^eh^mes a^d: constructions *suc 
of new 9PSK .space-time cod^s for X > 2- .and,:nejv\QPSK:spacertirue codes for L^:2i' 

The preseiit invention is concerned primajj^ily, ^y^ith t 6f space^time: codes rather 

than the signal processing required to decode^ th^^ Jn mQ&t cases^ the decoding erp5)loys 
known signal processing used for maxinnLum lik^^^ ; : m. * i . : r 

The derivation, of space- time codes froni; codeSon grapji^ is a .prixnary feature of .the present 
invention, that is, to define constraints on matricj^s fori linear^ x:bdes^ based j on r graphs to pro- 
vide full spatial diversity, as space-time codes f^iid:.therfefprej "to^,design' graphical codes for 
space-tiine applications. .The.matric<5s can be p^^tained ;using the present invention.x.Graph- 
ical codes, designed in this majiner. can be decoded usmg. soft-input j ^pft^out put techniques. 
Thus,, perforrnance is, close ,to the Shaimori liip.it,., Accpf dm or 
designs of the, present invention define th<9 sta;te-pfrthe^ai^t :p^rfQrma3^ of space-time codes. 
An irnprovement of. iterfitive . soft-input, . soft-output decoding for a space-time xhannel is 
marginalization since the receiver need only access ;the.s^^ the transmission from jthe L 
transmit, antenpas. Tlys marginalieation is imprpy^jvia itera^^ J : I ,o": " 

A gfsner^ stacking; construction. for BPSK and QKSK;fco^esjn^qu^^^ 
is presented ^ another npvel feature. of the present inypjitjon. ;Exti,nqiipl^ of* this construction 
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are given by the rate l/L binary- cbnvolutional codes for BPSK; inodulation. A preferred 
class of QPSK naodulated- codes is the. linear rate conyolutional codes over.. the integers 
. modulo 4. Specific examples of selected block and concatenated, coding schenies for Z = 2 
and L = 3 antennas with BPSK and. QPSK modulation are. provided below. In addition, 
a dyadic construction ior QPSK signals using .two binaxy full; rank: codes is also described 
below. ■. / . ■ . . 1 r :.. : ;." : j : " : . - . > • V;: • - - - v ^ ■ ^ - ; \- r • - : 

Another example is ^proviite4qbelow^ anj expurgated, punctured .version of - the Golay 
. code ^hat can be formatted asb a BPSK-modulated :space-time . block code achieving 
full Z/ =^ 2. spatial diversity and naaocimum bandwidth efficiency (rate 1 transmission). For 
== 3 diversity, anvexplicit "rate ;l-:Spacertime qq^^ is derived below which achieves full 
spa^tial -diyersity. for BPSK and;:QPSK raodulation. By contrast, known space-time block 
^codes deriyed- from conxplex, jg.eue?alized .orthogonal: Hesigns) provide no better bandwidth 
Leffiqiencyrthan rr^ale 3/4.'- / - v; - ; rt - . / : ; ■ v , . : ; ! - 

The ders tacking construction i is avinethod of obtaining good space-time overlays for ex- 
risting systems: for operation oyer; time- varying .fading channels. The key advantage of these 
; system? . is that of robustness, because they exploit time and space diversity. There is coding 
gain both spatially (from- the; spacertime-'^stacking" ) and . temporally (conventional coding 
gain achieved by ''de-stacking"). The system is not dependent entirely on the spatial diver- 
sity, which may not be available under all-deployment and chaLnnel circumstances. Examples 
of these, are obtained from de-stabking the^rate IjL convolution codesi (BPSK) and (QPSK). 
, . Multi-level- code cDnstructions .with rnultirstage decoding also follow the design criteria 
of the present invention. Sijace . binary) decisions are . made at each level, the BPSK design 
•/methodology of the present inyention, applies. For S^PSK, the binary rank criteria developed 
for BPSK and. QPSK casea:alsoLapply-:for the special case of X. =. 2 antennas. This allows 
.i:rtiQre sophisticated i: == i2 deigns lor ^^PSK than is currently commercially .available. 

^ The vdesign of space-time codes ia accordance with ;the present invention will now be 
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described. In- Section 1, binary rduak criteria ior BP&K.cind QPSK-modulated space-time 
codes are discussed which- are selected in accordance with the present invention. Sections 
2 and 3 expand on the • use of these criteria to develop comprehensive design criteria in 
accordance with* the- present invention; In Settion^ 2, new fundanrtental constructions for 
BPSK modulation are provid'edan accordajice. with' the present invention that encompass 
such special cases as transmit delay diversity schemes, rate 1/L convolutional codes, and 
certain concatenated coding- schemes. The generad'phsteli&m of 'formatting existing binary 
codes into full-diversity space-time codes is' also"- di^iissedv Specific space-time block codes 
of rate 1 for L = 2; and X- — 3- antenneis a^fe givfeni that provide . coding gainr, as. well as 
achieve full spatial, diversity! In Section 3', Z'4 -analogs "of thei binary theory are provided in 
accordance witli the present invention. It is. also ishoWn^ that till diversity 'BPSK^diesigns lift 
to full diversity QPSK. designs:. In Section^4, >th^ 'existing. body of space-fcim-e trellis codes is 
shown to fit within the code design criteria of the present invention. Extension: of the design 
criteria' to time- varying chaiinels is disciissed ill Section Sv whreh describes: how multi 
constructions in accoi-daiice ^witlF the present invention- p of "smart- 

greedy" spacehtime- codes -for suchichannels. Finally, 'Sedtion 6 discusses the applicability of 
the binary rank criteria to: miilti-level constructions for higher-or^er Constell^ % 

1 Binary Rank Criteria for Space-Time.'Godeis B j ^ : ::r. v. ' ^ .\ 

The design/ of space-tiine codes is hampered ;by: th€iifaGt ;thB,t 'the' rank criterion a;pplies 
to the complex- valued differences between the baseband 'versions of -the code words. It is 
not easy to transfer this design .criterion intocthe binary^ domain* where the problem of code 
design-'is relatively well ^understood. In section '1-, -general binary design criteria aire provided 
that are sufficient: to guaxantee that a.space-tim.^ code achieves fuU spatial diversity. 

In the rank, criterion :f or space^time codes, :th'e:sign of ?the 'differences, betwesen modulated 
code word symbols is. irnportant. On the.other handv it as-difficult to see .hbw-tb preserve 
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•that , information in the binary, doniain. In aecor dance -with the presentanvention, what can 
be said in . the absence of such specific structural' knowledge is investigated by. introducing 
the following definition. . ; . , . ' .. . : ; . , . 

Definition 2 Two complex matrices ri and V2 is said to be u- equivalent ifvi can be trans- 
formed into r2 by multiplying any number of entries of by powers of the complex number 

Interest priniiarily lies in^ t'he Wrequivalehce of matrices when a; is^ a generator for the 
signalling constellation fl. Since BPSK and QPSK ^re of particular interest, the following 
special notation is introduced; 

. V . BPSK (u> l):. , ,,ri,= r2 denotes.that ri and T2 axe (— l)-equiyalent. 
QPSK (a; = z = \/^): Pi = T2 denotes that ri and T2 are i-equivalent. 

Using this notion, binary rank criteria for space-time codes are derived that depend only 
on the unmodulated code words themselves. The binary rank criterion provides a complete 
characterization for BPSk-inddulated codes (under the kssumption of lack of knowledge 
regarding signs in the baseband differences). It provides a highly effective characterization 
for QPSK-modulated codes that, 'although hot complete, provides a fertile new framework 
for space-time code design. 

The BPSK and QPSK binary rank criteria simplify the problem of code design and the 
verification that full spatial diversity is achieved. They apply to both trellis and block 
codes and for arbitrary numbers of transmit antennae. In a sense, these results show that 
the problem of achieving full spatial diversity is relatively easy. Within the large class of 
space-time.-codes satisfying the -binary, rank criteria, code design is reduced to the problem 
of product distance or coding.:advantage optimization. " ' . . - j .. \ 

1.1 BPSK-Modulated CoHrs. ■ . - . : . :^ . : . . 
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For BPSK modulation, the- naturaJ = discrete cJphab'et -is the field F =.{0,1} of integers 
modulo 2. Modulation is- performed by mapping: the symbol x '€ F to the constellation 
point s = f{x) 6 { — 1,1} according to the rule 5 = ( — 1)^. Note, that it is possible for 
the modulation format to include an arbitrary phase offset e**^ , since a uniform rotation of 
the constellation will not affect the rank of the matrices /(c) — /(e) nor the eigenvalues of 
the matrices A = (/(cj — /(e))(/(c) — /(e))". Notationally, the circled operator © is used 
to distinguish modulo 2 addition from real- or complex-valued (+,— ) operations. It will 
sonietimes , be ..convenient to ijdentjfy the .binary, digits^iOj 1 G F ' with the -cpi^plex, numbers 
0, 1 6 C. This is dpne.het-ein withouit specifJ.comment or notatio^^ ^ . ; 

Theorem 3 Let C be a linear L x n space-time code with n > L. Suppose that every non- 
zero binary' code word c E C has the' property tHat every real matrix' {—l)-tquivalent to c is 
of full rank L. Then, for BPSK transmission, C satisfies the space-time rank criterion and 
achieves full spatial diversity L, ... . . . . l . . . i . . 

. Proof: It is enough to notp.tbat [(-l.)?V- (-1)^^]/^ = Ci.® Cs.. ^ . ^..^ ..^..v^. 

It turns out .that (—,l)-equi valence has sinaple bijiary j interpretation. The; following 
lemma is used. ^...^ . -^x^ 

Lemma 4 Lei M be a matrix of integers. Then the matrix equation Mx = 0 has non-trivial 
real solutions if and only if it has a non-trivial integral solution x = [di, • • • j ^l] which 
the integers di, c?2, . . . , o.'^^ jointly relatively prime — that is, gcd{di^d2-, . . . , rfi,) = 1- 

Proof.: - Applying Gaussian, elimination'to. the matrix* M yields* a canonical form in which 
all entries are rational. Hence, the. null space o£.M'lias.;a,basi3:consisting of rational vectors. 
By multiplying and dividing by appropriate integer constants, any rational solution can be 
transformed into an integral solution of the desired form.- ;^ > .^^ 'L'/i.. » 
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Theorem 5 The L X ri, (n > Xjj- 'binary matrix c =• ['ci '''-' ' ci ^^^hds full rank L 

over the binary field F if and only if every real matrix t = [ fi f2 • ''fi,']'^ that .is {—l)- 
equivalent to c has full rank L over the real field R, 

Proof: (=4>;) Suppose that r is not of full rank-over R. Then there exist real ai, 02,.- • • , ckl, 
not all zero, for which aifi + 0-27^2 + • * * + o^l^l = 0.^ By the lemmata,- ar,e assumed to be 
integers and jointly relatively prime. Given the assumption, on r and c,^ f. = c, (mod 2). 
Therefpre, reducing the inte^al equation modulo 2 produces a binary linear combination of 
the Ci that sums to zero. Since the cty are not all divisible by 2, the binary linear combination 
is non-triyiaL Hence, c is not of fulj rank oyer F. 

(^) Suppose that c is not of full rank over F. Then there are rows cv, , Ci^, . ^, , Ci such 
that c,j ® c,2, ® ; • • © Cj^ = 0- ,Each column of c therefore contains an even, number of ones 
among these 2/ rows. Hence, the + and — signs in each column can be modified to produce 
a real- valued summation of these u rows that is equal to zero. This modification produces a 
real- valued matrix that is (— l)-equivalent"to c but is not of full rank. 

The biliary criterion for the design and selection of linear space-time codes in accordance 
with the present invention now follows. 

Theorem 6 (Binary Rank Criterion) Let C be a Hnea.r L x n space-time code with n> L. 
Suppose that every non-zero binary code word c eC is a matrix of full rank over the binary 
field F. Then, for BPSK transmission, the space-time code C achieves full spatial diversity L. 

The binary rank criterion makes it possible to develop algebraic code designs for which 
full spatial diversity can be achieved without, resorting to time consuming and detailed 
verification. Although the. binary rank criterion and of the present invention^ associated 
theorems are stated for hnear codes, it is clear from the proofs that they work in general, 
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even if the code is nonlinear, when the results are applied to the modulo 2 differences between 
code words instead, of the code- worlds. themselves. .... 

1.2 QPSK-Modulated Codes 

For QPSK modulation, the natural discrete alphabet is the ring Z4 = {0, ±1, 2} of integers 
modulo 4. Modulation is performed by mapping the symbol x G to the constellation 

— . r. , ^ \ . . ■ - - , , ^ J. - .- ' - - 

point s 6 {'±1, ±i} according to tHe rule 5 = z^, where z V— 1 • Again, the absolute phase 

. — , . ' . . . ' ,* "* 

reference of the QPSK constellation can be chosen arbitrarily without affecting the diversity 

advantage or coding advantage of a Z4-valued space-time code. Notationally, subscripts are 
used to distinguish modulo 4 operations (®4, 04j from binary \®) and real- or "complex- 
valued (+,— ) operations. 

For the Z4- valued matrix c, the biliary component matrices a(c) and )9(c) are defined to 
satisfy the expansion 

Thus, ^(c) is the modulo 2 projection of c and a(c) = [c ©4 ^(c)]/2. 

The following special matrices axe now introduced" which are usefiil in the analysis of 
QPSK-modulated space-time codes: 

(1) Complex-valued C(c^) = c -f i^(c); and^ ' no 11-;; ' -^.m..::] ^ n , .: ^ 

(2) Binary- valued indicant projections: E!(c) and i^(c). 

The indicant projections are defined based on a partitioning of c into two parts, according to 
whether the rows (or columns) are or axe not multiples of two, and serve to indicate certain 
aspects 61 the binary structure of the Z4 matrix in which multiples of two are ignored. 

A Z4-valued matrix c of dimension L x n is of type'l'2^~^ x l"^2""'^ if it consists of exactly 
t rows and rh columns that are not multiples of two. It is of standard type p2^~^ x i"*2'*~"^ 
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if it is of type 1^2^"^ x 1*^2^-'" atid the&st'£ rows and first m coluirihs in particular are not 
multiples of two. When the colu'mh (row) structure of a matrix is not of particular interest, 
the matrix is of row type 1^ x 2^"^ (column type I'" x 2"""") or, more specifically, standard 
row (column) type. 

Let c a" Z4- valued matrix of" type 1^2^^"^ x"1^2"'^"'. Then, after suitable row and 
column permutations if necessary, it has the following row and column structure: 



c = 



2c^^2 
2cl 



= [ hi hj 



hi 2h'^^^ 2hZ^^ 



Then the row-betsed indicant projection (ji-projection) is defined 



■E(c) 



and the column-based indicant projection (^'-projection) is defined as 

.Note that . , . . _ . 

[^(c)]'r = 5(cT).. . .., , ^ , (7) 

The first result shows that the baseband difference of two QPSK-modulated code words 
is directly related to the Z4-difference of the unmodulated code words. 
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Proposition 7. Let C be a Z4 spaceAime code, :For'K^y ^g C, lei i^—i^ denote the baseband 
difference of the corresponding QPSK-modulated. signals. Then^ / ^. 

Furthermore, any complex matrix x = T-\-is that is {~r\)~equivale7i,t to i^^r-i^ ha^ the. property 
that : , . 7 ■ ;• '■ • ' - * : • . V . • i V - ■ - ■ 

r = s = ^(x ©4 y) = X ® y . (mod 2). 
Proof: Any component of i^ — can be written as 

where S = x ©4 y. Since '. " .- 

!0, ■ ■• ■■■ -^J ^=i-0--' 

l-i^-i-il + i), S = l 

2, • • 6 = 2 

H-i = + «5 = -l, 

* . i 

the entry — can be turned into thexbmplex nuinber (x ©4 y) + i(x © y) by multiplying 
by ±1 or dzi as necessary. Thus, ; 

- iy = (x ©4 y) + i(x © y) = C(x ©4 y), 

as claimed. ' ' * " ' ' " * ' • *'^'-^. i^.*.- 

For (— l)-equivalence, multiplication by.±i is not allowed. Under this restriction, it is no 
longer possible to separate z into the terms x ©4 y and x ® y so cleanly; the discrepancies, 
however, amount to additions of multiples of 2. Hence, if z = r + is == i^ z^, then 
r = X ©4 y (mod 2) and s = x © y (mod 2).- 
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Theorem 8 Let C he a linear^ L xn {n.>L) space-time code over^^.' Suppose that every 
non-zero code word c € C has the propkrty that every complex matrix i-equivalent to C(c) is 
of full rank L. Then, for QPSK transmission, C satisfies the space-time rank criterion and 
achieves full spatial diversity L. 

■,I?roof : Since C isainearv,the, :Z4-.difFerence between any two code words is also a code word. 
The result then follpwsjn^mediiaitely from the previous proposition. . ■ s-.; i . ,;, 



The indicant, prpjections.ot the Z^r valued, matrix c provide a significant amount of in- 
formation regarding the sing^larity ;of C(c) and- any of its t-equivalents.. Thus, the indicants 
provide the basis for our binary rank criterion for QPSK-moduiated space-time codes. 

Theorem 9 Let c = [ ci C2 be an X^-valued matrix of dimension L x n, (n> 

L). If the row-based indicant 3{c) or the column-based indicant ^{c) has full rank L over 
¥, then every complex matrix z Viht isUequiialent to C.(g) has full rank L over the complex 

Proof : Proof for the row-based indicant will now be provided. The proof for the 
column-based indicant is similar. 

By rearranging the rows of c if necessary, any row" that is a multiple of 2 can be assumed 
to appear as one of the last rows of the matrix. Thus, there is an ^ for which ^(c.) ^ 0 
whenever 1 < i < £ and ^(c.) = 0 for £ < i < L. The first £ rows is called the 1-part of c; 
the last L-£ rows is called the 2-part. 

Suppose that . . 



z = 



^1 
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is singular and is tPequivaJent to Then/there^exist complex numbers ai = +z6i,a2 = 

02 + ib2^ . . ^ , c^L = + ^^z:,, not all zero, for which ; ^* : - 

ai^i + a2Z2 + - • • + Q^L^L = X^C^t'^i - bisi) + i Yl{b{fi + a,-5i) = 0. (8) 

Without loss of generality, the a{,6,- are assumed to be integers having greatest common 
divisor equal* to 1: Hence j there is ai nonempty set' of- co^cients' having real or, imaginary 
part an odd integer. The coefficient is' said' to be even of '^dd3 depending; on "whether two 
is or is not a common factor of a,- and b{. It is said to be of homogeneous parity if a,- and 6; 
are of the.same parity; otherwise; it is said- tb^be'of^h^terdgerieous -pa^^ 

There are now several cases to consider based on' the nature of the coefficients applied to 
the 1-part and 2rpart.of z: V : ^^-'^ * 'C- ■ . o > : - ' - : • c 

Case (z): There is an odd coefficient of heterogeneous parity applied to the 1-part of z. 

,,. ..^ . ^ ■ . f •, , . , Z "> --vS ^, ,!j • • c:^ ' * '-'^ iV^^T" *:>j; r 
In this case, taking the projection of (8) modulo 2, 

since ^(ft) = = P{ci) by the proposition. By assumption, at least one of the binary 

coefficients y8(a{) ® y3(6,) is nonzero. Hence, this is a non-trivial linear combination of the 
first £ rows of H(c), and so H(c) is not of full rank over F. 

Case (ii): All of the nonzero coefficients applied to the l-part of z are homogeneous and 



at least one is odd; all of the coefficients applied to the 2-part of z axe homogeneous (odd or 
even). 

. • . ■> •■ ^ I ' ''-'^ 

In this case, equation (8) is multiplied by q:*/2 = (a — i6)/2, where a = a + ib is one 

of the coefficients applied to the l-part of z having a and b both odd. Note that a* a,- is 

even if a,- is homogeneous (odd or even) and is odd homogeneous if is heterogeneous. 

Hence, this produces a new linear combinatio^, all jcoefficients of which still have integral 

real and imaginary paxts. In this linear combination, one of the new coefficients is | a p/2 = 

(a^ + i>'^)/2, which is an odd integer. The argument of case (i) now applies. 
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• Case (Hi): All of the.nonzero coefficients* applied to the l-part of i are hbmogeneous and 
at least one is odd; there is a heterogeneous coefficient applied to the 2-part of z. 

In this- case, normalization occurs ks in case '(u'), using one of the odd horhogeneous 
coefficients from the l-part of z, say a = a + z6. Thus/normalization produces' the equation 

o^izi + h a£Ze + a^+iz^+i + h aLZ^ = 0, (9) 

where = a*ai/2 for i <£ and a» == a*a; for i >£, ... 

Taking the projection modulo 2 of the real (or imaginary) part of equation (9) yields 

- : For V -it is true :that '^.(rJ>©-^(^<). = wWe a = 2^. is the z-th row of c. 

By assumption, there is W nionzero coefficient in each of the three component sums. Hence, 
^ equation (9) establishes^ a non^^rivial linear combination of the rows. of H(c). 

. Case (zu): All of the coefficients applied to the l7part of z are even, and at least one of 
the coefficients applied to the 2-part of z is heterogeneous. 

In this case, equation (8) is divided by two. to get the modified dependence relation 

aizi + ..- + aif^+Q;^+i5^^j + ... + ax,z^ = 0, (10) 

, wher^ = a,/2, an4 z\ == . Prajecti^ 2 gives two independent bina^ry equations 

corresponding, to the ,rea| .and. imaginary parts pf equation (10): 

Setting these two equal gives 
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which is a nontri vial linear combination qf the rows* ^(p;) =^;.^(rO © ^(5-), for i > £ + 1, of 
5(c). V ... - . . • . 

Case.(v): All of the coefficents applied to the 1-part of z are even, and all of the coefficients 
applied to the two part of z are honaogeneous. . 

In this case, equation (10) is first used after dividing by two. Recalling that at least one 
of the coefficients a^+i, . . . , ax, is odd, the nnodulo 2 projection of equation (10) is taken to 
get (from either the real or imaginary parts) the equation " 

This is once again a .nontrivial linear combination of the rows of H(c). 

The binary rank, criterion for QPSK spacertiine codes in accordance .with the. present 

. invention, now follows as aji iimriediate cphs^uenee.of .the previous- twp theorerns.: 

: ^- " ■ - - ' ' ' ■ ; yy -Lr'^ii^ ! :':-;';!C : ^ i ■ ■--] -^•^^/>^♦ 

Theorem 10 (QPSK Binary Rank Criterion I) LetC be a linear Lku space-time^ code 

over Z4, with n > L, Suppose that, for every non-zero c 6 the row-based indicant H(c) 

or the column-based indicant ^(c) has full rank L over F. Then, for QPSK transmission, 

the space-time code C achieves full spatial diversity L. 

In certain Z4 space-time code constructions, there may be no code word matrices having 
isolated rows or columns" that are multiples of two: !F6r example, it is possible 'for the entire 
code word to be a multiple of two. In this caisfe, tlie^ollo^^ing 'binary rank criterion is sihripler 
yet sufficient. . . ■■. (' :v-\-'.'. : 

Theorem ^11 (QPSK Binary . Rank Grite'fl'on/II) Let C be: a linecTfyL x n space-time 
code over Z4, with n > L. Suppose that, for every non-zero c G C, the binary matrix 0{c) is 
of full rank over F whenever 0(c) ^ 0, and ^(c/2) is of full rank over F otherwise. Then, 
for QPSK transmission, the" space-time code C achieves full spatial diversity L. 
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Proof : Under the specified assumptions, either 5(c) = y9(c) or H(c)-:= ;3(c/2), depending 
on whether yS(c) = 0 or not. 

The QPSK binaryrank criterion is a powerful tool in the design and analysis of QPSK- 
modulated space-time codes. . : - • . . , 

2 Theory of BPSK Space-Time) (Sodes ■ ■ J . . : . , , , ; . . ,. 

2.1 Stacking Construction 

- • A genera] .construction ;for L x Space.time codes that achieve full' spatiaf diversity is 
given by the following theorem. 

Theorem 12 (Stacking Construction) Let Ti.Ta, . ..,TLbe linear vector-space transfor- 
mations from into F\ and let C be the Lxn space-time code of dimension k consisting 
of the code word matrices 



c{x) = 



.TLix) 

:fherex denotes an ..arbitrary k-tuplepfinfqr^^ and n > L. Then C satisfies the 

:-i .^^^"■^y <^^i.^^on, and thus ac^hteves full spatial diversity L, if. and only if Ti, Tz, . . . , Tl 
have the property that 

T' = aiTi ® a-iT-i © • • • ® ax,T£, is nonsingular unless ai = 02 = • • ■ = 01 = 6. 

..Propf: -i XTrr) Suppose C, satisfies.,the binary-rank criterion but that T—. OiTi .'Srajrz ® • • • © 
■ ■^Th^^.W^^^^ some- q^,a^r...\,aL € F,. Then . there is. a non-zero io .e ^F*: such that 
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T{xo) = 0. In this case, " ' ^ . . • . := ^ r. i . ' i - - ^ 

T{xo) = ai • Ti(xo) ffi ^2 • T2{xo) ffi - * • © * 7z.(^o) = 0 

is a dependent linear combination of the. rows of c(xo) E-C.- Since C satisfies the binary rank 
criterion, ai = a2 = • • • = = 0. • h • : . . • . • 

(^) Suppose Ti, , , , jTi, have the stated property but that c(xo) G C is not of full rank. 
Then there exist ai, 02, • • • ^ '^l G F, not all zero, for -whicfa nrj \- ^ . 

T{xo) = Gi • Ti(xo) ® a2 • 2^2(^0) © • • • ® Gz, • rL(xo) = 0, 

wheere T = :aiTi © a2r2 © ■ © aj^T.L. By hypothesis, i& nonsingular;- hence, == 0 and 

C = 0. .'\^*.C0i\- 2i7'^ ' 'w;.* vj -i.:: 

The vector-space transformations of the general stacking construction can be implernented 
as binary A: x n matirices. In this Ccise, the spatial diversity achieved by the space-time code 
does not depend on the choice of basis used to derive the matrices. 

A heuristic explanation of the constraints imposed on the stacking construction will now 
be provided. In order to achieve spatial; diversity L on a fiat Rayleigh fading channel, the 
receiver is expected to be able to recover' from the simultaneous fading of any L — 1 spatial 
channels and therefore be able to extract the inVoriination Vector 5 from any single, unfaded 
spatial* chanriel (at least at high enough signal- to- noise ratio). This requires that each matrix 
Mi be invertible. That each linear combination of the M,- must also be invertible follows 
from similar reasoning and the fact that the transmitted symtjpl_s are effectively summed by 
the channel, . 

The use of transmit delay diversity provides an example of the stacking construction. In 
this scheme^ the transrriission from antehna^f is 'a 6ne-%yinb61-delkyed replit^ of the'tr^ns- 
mission from antenna i — Let C be a lineat [n,'k] binary cWde witli (hbnsingular)' generator 
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matrix G, and consider tHe delay, diversity scheme in which code word c = xG is repeated on 
each transmit antenna* with .the prescribed* delay. The result is a space-time code achieving 
full spatial diversity. • / : . ' • .> . : ; = 

Theorem 13 Let C be the L x (n + L — 1) space-time code produced by applying the stacking 
construction to the. matrices ' . - • * - . ^ • * • . '■. = ' ^ 

Ml - [ G Ofcx(z,-i) ] , M2 = [ 0^x1 G 0^x(z,-2) ],..., Mz. = [ O^x(L-i) G ] , 

where Oiy^j denotes the all-zero maifix consisting ^of i rows and j columns and G is the 
generator matrix of a linear [n,k] binary code. Then C achieves full spatial diversity L. 

Proof: In this construction, any lineax combination of the Mi has the same column space 
as that of G and thus is of full rank k. Hence, the stacking construction constraints are 
satisfied, arid the ^iiat:e^time code C-' acliiSVe^^ full spatial diversity L. . 

A more sophisticated example of the stacking construction is given by the class of binary 
convolutional codes. Let C* be the biriary^-rate l/i", corivolutidnal'code having' transfer 
function matrix ' ■ - . ' ^ r:: i ; . 

The natural space-time code C associated with C is defined to consist of the code word 
matrices c{D) = G'^(D)x{D), where the polynomial x{D) represents the input information 
bit stream. In other words, for the natural space-time code, the natural transmission format 
is used in which the output coded bits corresponding to gi{x) are transmitted via antenna 
*i.,' The trellis .codes are; assumed -to terminated by tail bits; Thus, if is restricted 

..to.a.block. of: iV^ information ;bits, t is an L x (A^ + space-time code, "where u = 

maxi<i<;£,{deg5j(a:)}. is the Jmctximal memory order of the cbiivolutionarcode C 
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Theorem. 14 The natural sp,ace-:time code\G' associated with the rate 1/L convolutional code 
C satisfies the binary rank criterion, and thus achieves* full, spatial diversity L for BPSK 
transmission, if and only if the transfer function matrix G{D) of 0 has. full .rank L: as a 
matrix of coefficients over F. 

Proof : Let gi{D) = 5,0 + 9iiD + gi2D^ + • • • + 5,vi?^, where 1, 2, . . . , L. Then, the result 
follows from the stacking construction applied to the generator, matrices 



gio 9i\ ... 5»v 0 ... 0 

. 0:^ gi^ -9ii, :rr ' -^iK y^''..)-^- 

0 \\ . 0 gi6 'gi\ • ' '9iu 



each of which is of dimension x (A'' ^M^^, 



Alternately, Theorem 14 is proyexi by^ ob?erving-,tliat. ..^1 Qigi{P\x{rD) ='Orfor"some 

" ' " i<«<i' 
x{D) 7^ 0 iff ^ cLigi{D) = 0. This proof readily generalizes to recursive convolutibnal 

l<i<L 

codes. ' . , - - : :.:.>', -m: .<.v .^S^v^i/.'/.^ '^i^ r-^ 

Since the coefficients of G(Z)) foriri , a binary matri the 
column rank must be equal to the row rank, the theorem provides a simple bound as 'to how 
complex the convolutional code must be in order to satisfy the binary rank criterion. It has 
been showed that the bound is necessary for the trellis code to achieve full spatial diversity. 

Corollary 15 In order for the corresponding natural space-time code to satisfy the binary 
rank criterion for spatial diversity Lj a rate 1/L convolutional code C must have maximal 
memory order 1/ > L — 1 . 

Standard coding theory provides extensiye tables ;ofr;i)inaj:y . convolutibnal' codes- that 
achieve optimal values of free distance jdfree-' Although;fchese codesfiaaie widely used un-^^ 
ventional systems, .th,e. formatting :of them for- use.-a^ .space-itimje codes, has -riot been'stu'died 
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previously. A significant aspect of the current invention is the separation of the channel code 
from the spatial formatting and modulation functions so that conventional channel codes 
can be adapted through:use of the binary rajik criteria of the present invention to space-time 
communication systems. In Table I, many optimal rate l/L convolutional codes are listed 
whose natural space- time formatting in accordance^ with the present invention achieves full 
spatial diversity L. The table covers the range^^of constraint lengths i/ = 2 through 10 for 
L = 2, 3, 4 and constraint lengths i/ = 2 through, 8 for i:= 5, 6, 7, 8. Thus, Table I provides a 
substantial set of exemplary space-time codes, of practical complexity and performance that 
are well-suited for wireles^s communication applications. — 

There are some gaps in Table I where the convolutional code with optimal dfree is not 
suitable as a space-tinie code. It is straightforwardV however, to find many convolutional 
codes with near-optimal that satisfy the stacking construction of the present invention. 

In the table, the snotallest code achieving full spatial diversity L has u =: L rather than 
^ = L — I. This is" because every optimd' c'bnvolutioiial code under consideration for the 
table has all of its connection polynomials of the form ^i(jD) = 1 + + hence, the 
first and last colunins of G{D) are idieritical (all ones'), so an additional column is needed to 
achieve rank L. Other convolutional cpdes of more; generar structure with i/ = L — 1 could 
also be found using the techniquies of .the presisiit invention. 
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Table I. Binary Rate 1/L Convolutional Codes with Optimal dfree 
whose Na tural Space-Time Codes Achieve Full Spa.tiaJ Diversity 
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In the stacking construction, the information vector x is the same for all transmit antennas. 
This is necessary to ensure full rank in general. For example, if ri(F*) nT2{P^) ^ {0}, then 
the space-time code consisting of the matrices 



c(x,y) = 



T2{y) 



cannot achieve full spatial diversity even if T\ and T2 satisfy the stacking construction con- 
straints. In this csLse, choosing x^y so that T\{x) — T2{y) ^ 0 produces a code word matrix 
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- Having two identical rows. One conseqiienc^ bf this fact is that the natural space-time codes 
associated with non- catastroj>hic cbnvolutional codes of rate k/L with' k > I do not achieve 
full spatial diversity. >• =^ ' ^ ' • ; , * . ^ ^ 

The natural space- time codes ^ associated with certain Turbo' codes" illtistrate a similar 
failure mechanism. In the case of a systematic, rate 1/3 turbo code with two "identical 
constituent encoders, the all-one ihptit produces an output space-time cbdd w6rd having two 
' ideinticairows. ' ' "'" -'-'^ 'yr:ji.:: . , \ ^ ' ; ' ^ ". . -'w. [ --^ 

^ 2.2 New Space-Tiirie Codes from Old" - ^ ^ - r - . ^ . ; . : , , . / 

Trarisformati oris of space- tinie todei wll nW : . . : 

; •^'^^9^^^.. Let C be an, L x rn space-^time code satisfying the binary rank criterion. Given 
the linear vector-space transformatio^n T : F"^ F*", a new L x n^^spaceptime code T(C) is 
constructed consisting of all c^^^ 



T{c{) 



tuAiere o= [irci -ci2 :\!.: : -CL^^^^:- 'Then, tf T'is honsingularyT{C) satisfies the binary rank 
criterion and, for BPSK transmission, achieves full spatial diversity L. ' . '' 

Proof : n Let c,g' € C^aiid 'consider •tife:diffeieii<ie'!F(c).^ T{cf) = T(Ac); where Ac = 
c®c'=[Aci Ac2 ••• Acz, ]^ 7^ 6. Suppose • ■ • . • 

aiT{Aci) ® a2T(Ac2.) © • • • © aL^CAci,) = 0. 

Then T{Ac) = 0 where Ac = d Aci ® 0-2 Acj ® • • • © oi, Acl- Since T is nonsingular, Ac = 0. 
But since C satisfies the binary rank criterion, gj = 02 = • • • = ax, = 0. 
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Column transpositions applied uniformly to. all code .words in C, for example, do not aiFect 
the spatial diversity of the code. A rnqre interesting ip^terpretation of the theorem is provided 
by the concatenated coding scheme of Figure 4 in which T is a simple differential .encoder or 
a traditional [n,m] error control code that serves £ls a common: inner code for each spatial 

transrnission. ^. ... i . ; : ^ r: ■ ^--i' :: i . : ' ' 

Given, tvi^Q^full-fliversity spacertime codes that satisfy. the^ binary, raijk ^criterion,. they are 
combined into larger space-time codes that aJso achieve full spatial diversity. Let .A be 
a linear L x nx space-time code, and let B be a linear L x ub space-time code, where 
L < min{nA,nB}. Their concatenation is the L >c.(7Za .r|^nBXspace:-.t,ime-cod^ Ci =r 
consisting of all code word jnatrices.of the form P.Fr^ l 9,|jb.|, .Avhere.a.€. •^v^. S;-^,: - ; 

A better construction is the space- time code C2 = \A\A®B\ consisting of the code word 
matrices c = | a j a ® b where a 6^ J4, b £ Bl (Zero padding is used to pefforrri ihe addition 
if nA 7^ "^bO Thus C2 is an L X (ua + max{nA, ^3})' space- tiriie code. ' ' 

The following proposition illustrates the ifull^spafiM diversity of these codes. ' '^j^ ' 

Theorem 17 The space-time codes Ci = \AIB\ and C2 = satisfy the binary 

rank criterion if and only if the space-time codes A and B do. 

As an application, of the theprem, codes buMt acciording to tjhe^tackingi construction can also 
be "de-sta-cked." , * * . \v ; . ' ••. ^ V .vvc..^^. ^^v.•.v^^ "v" iw.. ■: -'rv. 

Theorem. 18 (De-staCkingCt)nstrucVion) :Lei C: he^ihe Lxn space-time code^Qf dimen- 
sion k consisting of the code word matrices.. . ) i,- ' ^ v „. • //^ - -K 

c = 
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where Mi,M2, . . . ,Ml satisfy the stacking construction:. Let £ = L/p'%e an integer divisor 
of Then the code Ct consisting of code word matrices ' ' 



c = 



X1M2 X2M^4.2 



XpM(p.i)^+2 



is an L/p X pn space-time code of dimension pk that achieves full diversity L/p, Setting 
xi = X2 ~ " ' — Xp = X produces an L/p x pn space-time code 0/ dimension Ic that achieves 
full diversity, " "' , ^ - . . 1 . , 

More generally, the following construction is provided in accordance with the^ present inven- 
tion. 

Theorem 19 (Multi-stacking Construction) Let M = {Mi, M2, - ! . , M^} be a set of 
binary matrices of dimension kxn, n> k, that satisfy the stacking construction constraints. 
For i — 1, 2, . . . , let (Mi,-, M2t-, . . . » M^,) be an i-tuple of distinct matrices from the set 
Then, the space-time code C consisting of the code words 

T'^lMil ^2lVil2 ••• XmMim T 
X1M21 X2M22 • • • XmM2m > . 

C = 

is an £ X mn space-time code of dimension mk that achieves full spatial diversity £. Setting 
xi X2 = " • = Xm = X produces an £ x mn space-time code of dimension k that achieves 
full spatial diversity. 

These modifications of an existing space- time code impHcitly assume that the channel 
remains quasi-static over the potentially longer duration of the new, modified code words. 
E^en when this impHcit assumption is hot true" and the channel becomes more rapidly time- 
varying, however, these constructions lafe In this case, the additional coding 
■ 'structure-is usMul for ex^^ as well as spatiar diversity available in the 
channel. Section 5 discusses tAis -aspect' of thie invention. ' - ' * - " - ' 
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2.3 Space-Time Formatting of Binary Codes ^ . . . 

Whether existing "time-only" binary error-;Correcting codes C can b.e formatted in a man- 
ner so as to produce a fullrdiversity space-time* code C is now discussed. It turns out that 
the maximum achievable spatial diversity of a code is not only limited by the code's least 
weight code words but,:also by its rriaxim-al weight code words. 

Theorem, 20 Let C be a linear binary code ofjength n whose Hamming weight spectrum 
has minimum nonzero value djnin ^^id maximum value dmax- Then, there is no B PS K trans- 
mission format for which the corresponding space-time code C achieves spatial diversity 
L > minjcZmin? ^ — dm&x + 1}- ' 

Proof: Let c be a code word of Hamming weight d = wt c. Then, in the baseband difference 
matrix (—1)^ — (—1)®, between c and the all-zero code word 0, the value —2 appears d times 
and the value 0 appears n — d times. Thus, the rank can be no more than rf, ,since_each 
independent row must have a nonzero entry, and can be no more than n — d + 1. since there 
must not be two identical ro\YS containing oijly —2 pntries. Therefore, the space-time code 
achieves spatial diversity at mOst^ . - . 

L < min{wt c, n.— wt c + *l}'=='min{'(4iiri, ^ — <^max + !}• 

This provides a general negative result useful in ruling out many classes of binary codes 
from consideration as space-time codes. 

Corollary 21 If^CAs a linear binary code, coniaimng thje.q^^^ no 
BPSIC transmission: format for which ihe\ Gorrep^ponding 3pacertime cod^^ 
diversity ,L > I- Hence, the following binary cgd^^ ^mnsmission fpp in 

which the corresponding space-time, code achieves ^s - - .1 ' 
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'\- Repetition codes ■ ' i ' : ".v- c. * • ry ' 

• Reed-Muller codes 

• Cyclic codes. ' 

As noted in the discussion of the stacking construction, it is possible to achieve full spatial 
diversity using repetiti6n,.,codes Jn/a delay 'diversity transmission scheme. This does not 
contradict the corollary,' hbw'ever, sinde the underlying binary code in such a scheme is not 
strictly speaking a repetition code but; a repetition code ex,tended with extra zeros. 

1 ■] r '. ' * ' ■ 

2.4 Exemplary Special Cases i " • . j ' 

In this section, special ^cases of the :general theory for two and three antenna systems are 
C9nsidped,exploi;jng alternative sp^c^-time. t^nsniission formats and' their connections to 
different partitionings of th^s generator .matrix underlying binary code. , . 

L~ 2: Diversity, j ''^o 'lo'v^r' '---^y^ - .-^ :: ' '-\ ■ i 

' Let G [ I* P ] be a left-systematic generator matrix for a [2k, 'k] binary code C] where 
I is the k X k identity rnatri'xl Each "code word row vector c =^ { a/ ap ) has first half aj 
consisting of ail the information^ bits and second half ap consisting of all the parity bits, 
where 



on 



Let C be the space-time code derived from C in which the information bits are transmitted 
the first antenna and the parity bits are transmitted simultaneously on the second antenna 
The space-time; code word .matrix corresponding to c = ( a/-, ap? ) is given.by 



c = 



aj 



The following proposition follows immediately from the stacking construction' theorem. 
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Proposition 22 // the binary matrices P and I©P are of full rank over ¥ , then'the space- 
time code C achieves full L = 2 spatial diversity. 



As a nontrivial example of a new space-time block code achieving L = 2 spatial diversity, it 
is noted that both 



1 ' 0" 1^ '1'' a: ^ 1 I 1 I ' v 

0 1 1 1 ,,0 1 1 .0 .-0 0 . ^1^.. 

1'^ 1 1 0' ' 1 1 'i . 0 & ' i ' 

0 11110 0 10 11 

p = - i ' 'i 1 a' o ^0 -o^- o' i' i ' 6- 

1 1 1 0 0 0 1 1 1 0 1 
1 1 0 0 0 1 0 1 0 1 1 

0 10 0 10 10 1 1: .1:. 

0 1 0 1 0 1 1 1 1 1 ■ 0 ' 

0^1 :l ' '0"' a 0^1 'J -0' 
and r© P are nonsingular over F. Hen6fe; the Stacking dbh^tt^^ 
codeC achievirtg full L = 2 spatial diversity/ The iiri'dWrly^^^^ 

matrix G = [HP], is an expurgated and punctinred version of the Golay code ^23- -This is 
the first example of a space^time block code that achieves, the highest possible, bandwidth 
efficiency and provides coding gain as well ftill spati^ diversity. . . ^ . ^ - 

The following proposition shows how t9 derive other L ~ 2 space-time codes from a given 
one. ^ . - , 

Proposition 23 // the binary matrix P satisfies the conditions of the above theorem, so do 
the binary matrices F^, P"^, and UPU~^, where U is any change of basis matrix. 



The (a |:a + 6) constructions are. now. reconsidered for the special: ca^e L ={2. -Let A 
and B be systematic binary [2A;, Ar] codjes with minimum Hamming distances d^ and and 
generator matrices Ga = [ I Pa ] and Gb = [ I Pb ] , respectively. From the stacking 
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construction, the corresponding spate- time' codes ^ arid 5 have code' word matrices 



t • 


0/ 




■ Ij 




-5/Pa _ 







■ The I a I a ® 6^ | construction produces a binary [4k~,2k] code C with 'minimum' Hamming 
distance dc = min{2cfA, c^b}- A nonsystematic generator matrix for C is given by 

.... ^^r, 

Applying the stacking constructibh^ using the' left and right halves 'of Gc gives the space- time 
code C = \A\AqB \ of Theorem 22, in which the code, word matrices are of non-systematic 
form: 







I Pa I Pa " 


; iQ : - =Gb. _ 




0 0 I Pb _ 



cc = 



CI J aj © bj 



' A systematic Version is now derived in atdbrdance with VHe present invention. 



Proposition 24 Let A and B be2 x k space-time codes satisfying the binary rank criterion. 
Let Cs be the 2 X 2k space-time code consisting of the code word matrices 



c — 



aj. 



[ o/Pa ajPA © (a/ © 6/)Pb 
Then also satisfies the binary rank criterion and achieves full L = 2 spatial diversity. 

Proof : Applying Gaussian eliminatipii to .Gc and reordering columns produces the 
systematic generator matrix , , , : . 

... . . ; . =. [^l2A:x2fc, Pc I , . . r 



where 



iPc ~^ 



Pa Pa©Pb 
0 IPb 

38 



BNSCXXJID: <WO 0018056A1J_> 



wo 00/18056 



PCT/US99/21850 



Note that Pc is nonsingulax since Pa and Pb, are.b.oth nonsingular. Likewise, 

J-2kx2k ffi Pc = 

is nonsingular since I © Pa- and iSPB^are. The rest follows from the stacking construction. 



I® Pa Pa©Pb 
0 . .I® Pb 



An aJternate traoismission format fof'2 x k space-time codes is now considered. Let C be 
a linear, Jeft-systeniatic. [2/:, /:] cqde with general < - . ; ' . = . 



G'= 



0 I A21 A22 



where the submatrices I, 0, and A^j are of dimension k/2 x k/2. In the new transmission 
format, the information vectbr -ds divided into* tkb parts 5i and X2 which are transmitted 
across different antennas. Thus, the. corresponfUng ^p^pQrtirjje cod^.C consist s .ol code word 
matrices of the form 



Xi Pi 



where pi = XiAu © a:2A2i and p2 = xiAi2 © X2A22^ 



For such codes, the following theorem gives sufficient conditions on the binary connection 
riiatrices toNgnsure full spatial diversity of the space-time cocie:' 

Prdpos;ition 25 Ldt A12, A21/ anrf A = X^?!^i(AYi '© At^^ matrices over F. 

Then the space-time code C achieves full L ~ 2 spatial diversity. 

Proof : The conditions follow immediately from the stacking construction theorem ap- 
plied to the matrices ... . ; 



Ml = 



I A 
6 A 



11 

21 ^ 



M2 = 



0 A12 

'1 A22 
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since the sum M = Mi © M2 rnay'lie redu^ tc the form 

M = 



I All ® A12 
0 . A . 



by Gaussian iehmination; 



The conditions of the proposition are not 'difEcuIt to 'satisfy.' For eixaniple, consider the 
linear 2x4 space-time code C whose code wbrds 



c = 



X21 X22 7>2i P22 



are governed: by the parity check equations ' 

p'li ==' a:i2'® 2:21 ® a:22 

P21 = 3:11 ©X21 

P22 = Xii®Xi2®X2l. 

The underlying binary code G has a generator. matrix with siibniatrices 



1 1 . 
1 0 



A12 = 

.A22.~ 



1 1 

0 1 



Axi = 

which meet the requirements of the proposition. Hence, C achieves 2-level spatial diversity. 



1 1 
0 0 



L = 3 Diversity. 

> Similar derivations -for- L .== ,3 antenna^^'are straightforward* The following .example is 
interesting in that it provides maximuna possible bandwidth efficiency (rate J transmission) 
while attaining: fuU sp^atial di^^ modulation. The space-time block 

codes derived from complex generalized orthogonal designs for L > 2, on the other hand, 
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achieve full diversity only at a -loss in. bandwidth, efficiency,: The probleni. of finding generaJ- 
ized orthogonal designs of rates greater than 3/4 for 1/ > 2 is a difficult problem. Further, 
rate 1 space- time block codes of short length can not be designed by using the general 
method of delay diversity. By contrast, the following rate 1 space- time block code for L = 3 
is derived by heuid. 

. Let C consist of the codet word mjBLtrices- {.: >-. * • - - ; - " 



c = 



xMi 
xM2 
XM3 



where 





' 1 


0 


0 " 




■ 0 


•0' 


1'- 


0 ;■ 




". 0 


r- 


-0 ' 


Ml = 


0 


1 


0 


M2 = 


1 


0 


1 


) 


M3 = 


0 


1 


1 




0 


0 


1 _ 




,0 


1= 


0 






1 


0 


1 . 



It is easily verified that Mi, M2, M3 satisfy the stacking construction constraints. Thus, 
C is a 3 X 3 space-time code achieving full spatial diversity (for QPSK as well as BPSK 
transmission). Since C admits a simple maximum likelihood decoder (code dimension is 
three), it can be used as a 3-diversity space-time applique for BPSK- or QPSK-modulated 
systems similar to the 2-diversity' orthogonal design scheme-. / . i - : . 'rt^- 

Similar examples for arbitrary L > 3 can; also ; be easily derived. For example, matrix 
Ml can be interpreted as the unit element in' the Galois field GF{2^)] M2 as the primitive 
element in GF{2^) satisfying a^"==.l + a; and M3 as its square a^. Since l,a,a^ are linearly 
independent ove^ F, the BPSK stacking construction pf the current invention is satisfied. Any 
set of hnearly independent elements from GF{2^) can be similarly expressed as a set of 3 x 3 
matrices satisfying the BPSK stacking construction and hence would provide other examples 
of L = 3 full spatial diversity space- time block- e6des in accordance with the teachings of the 
present in venfibii.' This cohstfuetion meth6d ext-^ds'to ati arbitrary nurrib 
antenhai" by- selecting ^-set 6f X linearly in'd^ ' * ' ' ' - ' 
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3 Theory of QPSK Space-Time Codes . r. 

, , Due to the, binary rank -criterion- developed for QPSK codes, thexich theory developed in 
section 2* for BPSK-modulated space-time codes largely ca^rries over to QPSK ^lodulation. 
Space-time codes for BPSK modulation are of fundamental importance in the theory of 
space-time codes for QPSK modulation. 

3.1 Z4 Stacking Constructions . 7 - ; , : . . . i : , - ' y\: - . !\ 

The binary indicant projections' allow t^ stacking construction for BPSK- 

modulated space-time codes to be "lifted" to the domain of QPSK-modulated space-time 
codes. 

Theorem 26 Let Mi, M2, . . . ,Ml be 'K^-valued mxn matrices of standard row type 1^2"^"^ 
having the' property thai ^ • ■ ^ * ' - 

Vai, 02, . . , , ax, G F; 

aiE(Mi) ® a2H(M2) 0 • • • ® a£,E;(M£,) is nonsingular 
unless- a\ == 02 = • • • = ai, = 0. 



Let C be the L x n space-time code of size M = 2^"*""^ consisting of all matrices 

c(x,y) = 



{x y)Mi 
(x y)M2 



y)M.L , 

where (x y) denotes an arbitrary indexing vector of information symbols x G and y G 
pm-^ Then, for QPSK transmission, C satisfies the QPSK binary rank criterion and 
achieves full spatial diversity L^'^ ' ** ^' ' ■ ■ - — . 

Proof: 'Suppose that for some xo, yoi^not both zero, the code word c{xo\ yo) has E-projection 
not of full rajik over F. It must be shown that the matrices M{ do not have the stated 
nonsingulaxity property. 
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Case (i): Pi^o) ^ 0. llv:'. v . . V. . ' / 

If there are rows of c that are multiples of two/ the failure of the M,- to satisfy the 
nonsingularity property is easily seen. In 'this case, there is some row f of c for which • 

0 = P ((xo yo)M,) = il3{xo) 0)E(M,). 

Hence, ^(M^) is singular, establishing the desired result. 

Therefore, c is assumed to have no rows that are murtipj.^ of twOflso that;S(G) = ^(c). 
Then-there exisl*ai,a'2,y../'aL € F, not* all zero, such' that -V---^ ' .s-m,;:;, 

0 = aip (xoMi ) e (X0M2) © • • • ® gl^ (xoMl) 
= /3{xo) (aiE(Mi) ® a2H(M2) ® • • • ® ai,E(Mi.)) . 



f^- -.'v .IT 

Since ^(xo) 7^ 0, aiH(Mi) ® a2H(M2) ® • • • ® clECMl) is singular, ,as was to te. shoiyii. 
Case (n): fi{xo) = 0. 

In this case, all of the rows of c are multiples of two. Letting 



c — 



where Xq € F^, then 



By hypothesis, there exist ai, 02, . . • , € F, not all zero, ?uch that 



{2x'o yo)ML 



(y;,ij/o)H(Mi) 
(4-'yo)H(M2) 



. : M ;.;Cio.»o)S(M,) ®-,a2 -.(xo yo)E(M2,) ®/' .-.e Ax,: (x{,.:yo)x(Mx,) = 9- ; • 
Then aiE(Mi) © a2H(M2) ® • • • © ai:,E(Mi,) is singular as was to be shown. 
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'In summary,- the stacking bf Z4-vaiued matrices produces a QPSK-modulated space-time 
code achieving full spatial diversity if the stacking of their S-projections' produces a BPSK- 
modulated space- time code achieving full diversity. Thus, the binary constructions lift in a 
natural way. Analogs of the -transmit delay diversity consti^Ajction, rate IJL eonvolutional 
code construction,: | >1 © B j -construction, and multi-stacking construction all follow as 
immediate consequences of the QPSK stacking construction and; the corresponding results 
for BPSK-modulated space- time codes. : - = 

Theorem- 21 :Lti. Cvbe- the^^^r'^alued.yLyX.^ L - 1,)- space-time code produced by applying 
the stacking construction to the matrices - '\: 

where .0,xi denotes the all-zero, matrix consisting of i rows and j columns and G is the 
generator matrix of a linear 'K^-valued code of length n. IfE^G) is of full rank over then 
the QPSK-modulated code C achieves full spatial diversity L, ^ 

' Theorem 28 the ndtiiral s^ associated^ vjith the rate l/L eonvolutional code 

C over Z4 achieves full spatial diversity L for QPSK transmission if the transfer function 
matrix G{:D) of has S-projection'of fuUrvank L as a matrix of coefficients over^F:^- 



Theorem 29 The 1.^-valued space-time codes Ci-\A\B\ and C2 = \A\ A®B \ satisfy the 
QPSK binary rank criterion if and only if the L^-valued space-time codes A and B do. 

Theorem 30 Let C be the L x n spdce-^time code of size M — 2"^^"^ consisting of the code 
word matrices , ■ 

{x y)Mi 
ix y)M2 

_'{x y)ML^ 
44 
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where x G ZJ, y G F'""", and the. -ZL4-vQlued M^iM^, Ml-. o/ standard row type 1''2'" " 
satisfy the siacking construction, constraints, for QPSK-modulated codes, Fofi = 1,2, . .-. ,m, 
let {Mu,M2u . . ■ iMti)- be an .£.-tuple of distinct ■matrices from the set {Mi,M2, - - ; ,Ml}. 
Then, the space-time code Ce^m.. consisting of the code wprds ■ , ■ 

:.{xyyi}Mu , (f 2 y2)Mi2 A-.- ..(5m. ym)Ml?n 
(Xl ^l)M21 (^2 y2)M22 ••• {^m Vm 



.Cff; 



(zi yi)Mn (x2 y2)M/2 . ;3:-:3 )(l?n.,;,j/m)M«m. J . .-. 
is an £ X mn space-time code of size M*" f/iaf achieves full diversity £. Setting (5i yi) = 
(^2 yi) =.•••• = (^m yn{) - y) produces dh>tx-mif spdcv-time code-^ofsize M that achieves 
full diversity. - ' t 3... . ■ .>.,. . - -• ■ 

As.d consequeBce of these results, for example, t^e bina^3f.^.eonnectjpn polynomials of Table 
I can be used as one aspect of the current invention to generate linear, Z4-valued, rate 1/L 
convolutional codes whose natural space-time formatting achieves full spatial diversity L. 
More generally, any setV Z4-valuisd connection' polynomials whosfe'moduio 2 projections 

. • - , , ".t . • ■ . . " • . - ' ^. - 

appear in the table can be used. 

The transformation theorem also,, extends.. j;p.^QPSK-ni.p4u^^^^ space;^time podes. in a 

straightforivyrard manner. • t; ■ . j-c-.-rj-r;.- '..^>- r..r- . • ^ j-.V- !L v.- '-V. 

Theorem 31 Xef C ^e'a l.^-valued, L x rn spdc^itime-cade saiisfyihfthe QFSK binary rank 
criterion with respect to E-indicants, and let Mbeanmxn Hi-valued matrix whose binary 
projection )3(M) is nonsingular over F._ Consider the Lxn space-time code M{C) consisting 
of all code word matrices 



M(c) 



C2M' 



where c = [ Cj cj ... cl]^ eC. Theh^ M{C) satisfies the QPSK binary rank criterion 
and thus, for QPSK transmission, achieves full spatial diversity L. 
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Proof: Let c, c' be distiAct cbkfe words 'in C, and let Ac = .c: e4:c'. Without loss of 
generality/Ac is assumed to be of standard row type 1.^2^"^ Since ^(M) is nonsingular, we 
have ;5(x)/3(M) = 0 if and only ifV(^) = 0. Hence, M(=Ac) is also of standard row type 
1^2^-^ It is to be shown thkt E(M(Ac)) is of rank X. ■ - 

Note that ■ "' ' ' ' - ■ ' ■• 

;3(Ac;))8(M) 



E(M(Ac)) = 



, /3(Aci+i)/?(M). 



/3(Acl);9(M) . . . •. 
"where Aci = 2Ac'i for Suppose. there ^.e . coefficients. ai,a2,;; • • ,ax, € F such theit 

0 = ai- l3{Aci)l3{M) '® -'-'- 6 at- ${^^^ 

"' ■"■ • • • • ' = [ai/3(Aci^ @ ■ -tr® a</5(Acf)-® m+i^i^^t^r) .®:: • • ® OL/^iAp'Jl^CM)- 
-Then, since /3(M) is nonsinguiar, ~ 

- r ,r. . , • . .-ai/JCAci) ® © a^i^CAc^)^® a<4,i.)3(Aci^.i) ® • • • ® az,^(AcJ = 0. : 

But, by hypothesis, S(Ac) is of full rank. Hence, oi = = • • • = ai, = 0, and therefore 
5(M(Ac)) is also of full rank L as required. 

As in the binary case, the transformation thebrem implies that cejtairi , cpncatenated 
coding schemes preserve the full spktikl diversity of a' space-time code. Finally, the results 
in' Section i4 'regarding ' tW spe^^^^^^ L = 2' and 3- for BPSK codes- also lift to full 

diversity space-time codes foi: QPSK modulation, - ■ ' ' ■ - ■ - ; :. . ' ■ 

3.2 Dyadic Construction ' • ■ . ^ ^ • . ., 
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Two BPSK space-time codes can be directly. combined as in a dyadic expansion to produce 
a Z4-valiaed spabe-time code for.<:iPSK mo.dula,tion, If the component codes satisfy the BPSK 
binary rank- criterion, the composite code will satisfy^ the QPSK binary rank criterion. Such 
codes are also of interest because they admit low complexity multistage decoders based on 
the underlying binary codes. 

Theorem 32 Let A and B be'bindry^^ n space-time codes. satisfying the BPSK binary 
rank criterion. Then the T},-vaiued space^Ume codeC = A + 2BisanL.cn space-time code 
that satisfies the QPSK binary rak/c ^terion and thus, for QPSK modulation, achieves full 
spatial diversity L. • ■ ^ ^. 

PWV U zi = a,- -f 2bx- aria ^ a, +' 2b2-=bevcode words in C, with ar, a,. 6, A and 
bi, ba e B. Then the Z4 difference between the two.code words is 

^ - , . vAz = Aa + .2V;*i:+ 2Aba,_._ . , «. 
where Aa -=:= a^ e a2, Ab = bi ©.b^, aiid Va =. (1-.-® a^.) © a,. In .the latter^expression, 
1 denotes the all-one matrix and 0 denotes componentwise muitipUcation. The modulo 2 
projection is /3(Az) = Aa, which is nonsingular and equal to E(Azj unless' Aa W^O. In the 
latter case, Va = 6; so that' Az - 2AbT ThWn -(Az) Ab,' which is nonsingular unless 



3.3 Mapping Codes to Space-Time Codes , , . , . , ;, ,^ j ■ ..- 

• Let C be. a linear code of lengthe n, over Z^.- ; FQr^ any code word let u,(c) denote 
the nuriiber-of^times thd symbol .i € Z4 .^ppea,rs .jn . Furthermore,, the 
maximum number of times the syrnbol-i€ ^4 appear^, in any noii.ze^ C 

The following theorem is a straightforward generalization of the (<i^„, <i„ax) upper bound 
on achievable spatial diversity for BPSK-modulated codes. . 



.:'"»•, 
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Theorem SS Lefb be a'Unear code of length n over^J.4. Then, Jor any QPSK transmission 
format, the corresponding space-time code C achieves . spatial diversity at most , 

. .. . L,<min{n-u;p(C%n-max{tx>i(C),tU2((^),"'-i(<^)'} + l}- 

Proof : The same Argument applies. ais in the BPSK^ pase. , , . . , .; . 

It is Mso W^h pointing otit'that the spatial^divepity, achievable l?^:, a space-tim^ code 
t is at most thVspatiai 'div^*sity:«;hievable:by 'any: of it? subcodes. For a linear Z^-valued 
code C, the code 2C is a subcode whofee^ininimum and maximum Il^r^^^ weights among 
noh- Wo code words .axe 'giVeii' -by' -c-'i ^ .7 ; . c ; ,i • . 



r .. .. , <imax(2C.) = max{ioi(cy+uj_i(c)]. 

'TKus/th4foll:owi'ng result is produced:^ 

Proposition Z4 LetC be a 'linear codeoflefig^ ri over l.^: Thkh, fdr any QPSK trans- 
mission format, the corresponding space-time code d achieves' spatial diversity at most 

■ ■ ■ ■ - < iniii {<i.ruA(2a), h - cfxn4x(2C) + 1}^ ' 



4 Analysis of Ekistihg Spac^rTime'-Godes - . ; • ■ 

4.1 TSC Space-Time frellis Codes 

Investigation of the baseband rank ^3 produci; distance criteria for a variety of channel 
conditions is known, ^' well as a smaiinumfcer 6f handcrafted codes for low;levels of spatial 
diversity to illustrate the utiiity olr ^pace-time coding ideas.- This investigation, however, has 
not presented any general space-time cdde deigns 'br" design xules of Wide.' applicability. 
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' For L = 2 transmit- antennas, four -handcraftedZ,. space-time treUis codes, containing 4, 
8, 16, and 32 states respectively, are known which achieve fpU spatial diversity. The 4-state 
clde'satisfies simple known design rules regarding diverging and merging trellis branches, and 
therefore is of full rank, but other codes do not. These" other codes require a more involved 
analysis exploiting geometri6^unifor^ity in :order to .confirm, that full spatial diversity is 
achieved. The binary rank criterion for QPSK-modulated space-time codes of the present 
inventiJh- hbwever; ailows this determiriation to be! dgn.e in,a, straightforward manner. In 
fact, the binW^- analysis shows that all of the. hand crafted, cpdes empi^y a siinple common 
device to ensure that full spatial diversity. is^achieved. .,.:.;..■> ..: .< • • . 

Convolutional encoder block diagrams for TL, cs.^^^T^^J^^^'^h^S^ '^'^ 
and 8-state codes are both Unear over ^4, with transfer function matrices Gm = [ ^ A 
and G8(D) = [ + 21)2 1 + ] , r^^ijectiviy? By inspection, both satisfy the QPSK 
binary rank criterion of the present inveSion^nk" th^f^fc achieve L = 2 spatial diversity. 

The 16-slatc and 32-state codes are nonlinear. ov^t^ Z4-:.Iii,th\s cas^, tfe^ rank 
criterion of tl.c present invention i. ^ f^^^^"^"^. ^^^^■ ^'^ 
16-state code, the. code word mg-trices are of the following form: 

For the 32-state code, the code words are given by 

Due to the initial delay structure (enclosed by dashe^ box in Fig-^S) that is common to all 

four code desigas, the.first W in^t^z, T ^^ilUJf M^^^'"^ T"'' 
. only of multiples of 2^results ill two cx>n^cut^^^^ 

• [ 1 X p„ where x € Z^ .is.arbitrary. .The only ^xcepUon occur^^^ 32-state 

• code when.the first,.±Us imme^i^^j^ l>reced^'W a entry 
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results in a 'dolumn thit is' a ri^ultiple of f 1 ±1 f . Hence, the ^-projection of. the code 
word 'differences' is always "of full rank. 'By the QPSK binary rank criterion of the present 
invention, all four codes achieve full L = 2 spdtial diversity. ' ' ■ ■ 
' For L = 4 transmit ariteiinas, the full- diversity s^ade-time code ' corresponding to the 
linear Z4- valued convolutional code with transfer function G{D) = -[ 1 £> ■ ] is 
known as a simple formi of repetition delay diversity. As noted in Theorem 13, this design 
readily generalizes to spatial diversity levels L > 4 in accordance with the general design 
criteria oif the present invention. ' ¥he sticking' aid related constructidns discussed above, 
however, provide more general fuil'-diversity space-time codes foT £, > 2. 

4.2 GFK Space-Time Trellis Codes l..; ,' ! " ; ' .. : i 

For all L.> 2, it is known that trellis-coded delay diversity schemes achieve full spatial 
diversity with the fewest possible number of trellis states. As a generalization of the TSC 
simple desip rules for 1 = 2 diversity, the concept of zeroes symmetry to guarantee full 
, spatial diversity for Z, > 2 is known. 

A computer search has been undertaken to identify space-time trellis codes of full diversity 
and good coding advantage. A table of best known codes for BPSK modulation is available 
which covers the cases-of L"= 2; 3,- aiid 6 'antefliias. For QPSK Icodes, the table covers only 
L = 2. The 4-state and 8-state QPSK codes provide 1.5 dB and 0.62 dB additional coding 
advantage, respectively, coinpared to the corresponding TSC trellis codes. 

All of the BPSK codes satisfy the zeroes symmetry criterion. Since zeroes symmetry 
for BPSK codes is a very specialf case. ;of,: satisfying the binary rank criterion of the present 
■ invention, all of the BP SK codes , are . special cases of the more general stacking construction 
of the present invention. , • .. 

The known QPSK space-time codes are different. Some of the QPSK codes satisfy the 
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. . zeroes symmetry criterion; some do not. Except for, the trivial del,^y diversity code (con- 
straint length 2 fwith- zeroes symmetry), all of them^are nonlinear codes over.Z4 that do 
not fall under any of our general constriictions. - . 

The QPSK.code.of constraint Jength.i/;= 2 without zerofs symmetry^ consists of the code 
words \c satisfying - ^ ■ ^ . ; "i / - • ^ ' ^ 



rib I. 



where a{D) and b{D) are binary information seqi|^nces jtnd for simplicity + is used instead 
of ®4 to denote modulo 4 addition. The Z4-difFejeiice between two code words Ci and C2, 
corresponding to input sequences (ai(£>) 6i(£>)) and (flzC-D) b^^D) ), is given by 

r Aa{D) + 2Va(D) + 2D A6.(.i?) .] ^ . . .. , ... . 

^""^ [ 2DAa{D) + Ab{D) + 2VSii>f^-2D-/ib(:B)y - - - -- ^ 



where Aa{D) = ai{D)®a2{D), Va(D) = (1 ®"ai(Z)j) ©a'aP) " and so foHl^. Here © denotes 
componentwise multiplication (coefficient by coefficient). 

Note that the Z4-difference Ac is not a function of the binary differences Aa{D) and 
Ab{D) alone but depends on the individual input sequences' a (jD) and b{D) through the 
terms Va(D.) and .V6(D). If Aa(D) = ao +'aW + a2D^ + • • • + a^i?^, (<^i G F), then 

- ; ' Aa(i3) + 2ya(i))-= ±ao,ijii^?,±«^^ x- v 

for some suitable choice of sign at each coefticient. 

Projecting the code word difference Ac modulo 2 gives 

' ^ _■[ Aa^^ ■"' ■ ' ' 

which is honsiiigular unless either (t)' AaCD)"=^='D,-A6Cf>) ^-bj (zi)- A*(i?) = O^Aa(:D) ^ 0; 
or (ui) Aa(D) = A6(D) 7^ 0. For case (t), one finds that -- ^ • : ' • • - ' • • - - 

5(Ac) = A6(D) 1^ ^ J , 
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which is nonsingular. For ease ■(if )7' 

, E(Ac) = Aa(D) [ ]j I , 



which is also nonsingular. Finally, in case (m), 



(£>) + 2Va(D) + 2DAa(D) ] 
Aa(D) + 2Va(£>) J 



(11) 



Thus, the t-th column of Ac is given ;by. 



A'Gt + 2Vat + 2Aat^i 



Consider the first k for which Aak = 1 and Aa^+i = 0 (guaranteed to exist since the trellis 
is terminated). Then the fc-th and {k + l)-th columns of Ac are = [ ±1 - ±1 J"^ and 
hk+i = •( 2 0.-]T, respectively. Thus, *(Ac) is aonsingular, and the .QPSK binary rank 

y criterion is satisfied. Note .th'at -it: is. the .extra delay , term in the upper expression of equation 
(11^) that serves to guaxaatee. full spatMv^^^ . . ; • t . 

' '■■ The. QPSK- code of constraint /length v = 3 with zerops. symmetry. -consists of the code 

words c satisfying 



c{Df = ( a{D) b{D) ) 



' 1 + ZD D + D^ 
2 2D . 



For this code, thie binary r^k analysis is, even simpler. The projection modulo 2 of the Z4 
difference Ac between two code words is given by 

: ^^0(Ac(I))5 = Aa(i))[^®'g2 

which is nonsingular unless Aa{D) = 0 ,and Ab{D) ^ 0. In the latter case, 

whose E- and '3'-iiidicants-aj:e"nonsin:gulaf. ' 
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The QPSK code of constraint length i/ = 3 without zeroes symmetry, consisting of the 
code words 

c{Df = {a{D)b{D)) 

does not satisfy the QPSK binary rank criterion. When Aa{D) = 0 but Ab{D) ^ 0, the 
code word difference is , ~ v 



1 + 2D 2 



Ac = 



A6(Z)) + 2V6(Z)) + 2D A6(D) 



for which S(Ac) and Ac) are. both singulan. Th;e latter.can be easily discerned from the 
fact that the second row of Ac is two times the first row. 



4.3 BBH'Spacie-Time Trellis Codes : : - ; r - A.^i^:.:: j : . ; 

Another computer search is known for X ='•2 .QPSK trellis codesj with 4, 8,; and ,16, States 
which is similar to the ohe'discussed above: The^rfesults bf ithe two computer searchegi^gree 
regarding the optimal product distances; biit^ mte'restiigly, Ibe cpdes found rb 
different generators. ' This- indicates th'at, at ieast 'for'i 2 spatial>diy,ersityi,-there is a 
multiplicity of optimal codes. ^ " ■ ■ • - :^' 

All of the BBH codes , are non-linear over Z4. The 4-state and 16-state codes consist of 
the following code word matrices: 



4-state: 



nor =^^(»ti5)kWf 7+ of ' 



16-state: c(i?)^ = ■ {q{D) h{D)\^^^^^^^ ^ 
The analysis showing that these two codes satisfy the QPSK binary rank criterion is straight- 
forward and similar to that given for the GFK codes.' 

The 8-state BBH code consis|ts of the code word matrices 



c{Df = {a{t) 6(0) 



D 1 
2:rh 2jP + 2D?, ^&-2D-, 
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which expression can be'rearrahjgfed to give' 



c{D) = a{D) 



D 
1 . 



+ 2b{D) 



l -f £> + £>2 
1 



Whereas the GFK 8-state code does not satisfy the QPSK binary rank criterion, the BBH 
8-state code does and is in fact ^an exanaple of- our dyadic construction C ,= ,A, + 2B. By 
inspection, the two binary conaponent space-time codes A and B, with transfer functions 



D 
1 



Gs{D) = 



1 ® D ® i)2 



respectively, both satisfy the BPSK binary rank criterion. 

These results show that the class of space-time codes satisfying the binary rank criteria 
is indeed rich and includes, for every case searched thus far, optimal codes with respect to 
coding advantage. . , , , 



4.4 Space-Time Block Codes from Orthogonal Designs 

Known orthogonal desigtis can give rise £6 .nonlinear space-time codes of very short block 
length provided, the PSK modulation format is, chosen so that the constellation is closed 
under complex conjugation. ^ ^ 

Consider, the known design in which the modulated code words are of the form 

where a:i,X2 are BPSK constellation points.-^- Assuming the on-axis BPSK constellation, the 
corresponding: space-time block code C consists of all binary matrices of the form , 



c == 



a b 
b 1 © a 



This simple code provides L == 2^ diversity>gain but no coding gain. The difference between 
two modulated code words has determinant 



det 



=. - ([(-in- (-1)°^]!.+ i-^t?) , 
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which is zero if and only if the two code word$ are identical (ai =,02 and 61 = 62)- On the 
other hand, the corresponding binary difference of the unmodulated code words is given by 



Ac = 



ai © a2 - bi ®' 62 

&1 ® 62 - ^1 ® '«2 



But, if ai ® a2 = bi © 62 = 1, for example," the difference is - ' 



r 



Ac = 



1-1 
1 1 



a matrix that is singular over F. Hence, C achieves full spatial diversity but does not satisfy 
the BPSK binary rank criterion. 



. 5 Extensions to Non-Quasi-Static Fading Cliannels 

For the fast fading channel, the baseband model differs from equation discussed in the 
background in that the complex path gains now vary independently from symbol, to symbol: 

Let code word c be transmitted. In this case, IW pairwis^ the decoder 

will prefer the alternate code word e to c can be upper bounded " ' ' * 

P(c-el{a.,(i)}) < (,nr=.(l.^|/(c,)-/(eOP£,/4iVo)j 



-■■Am 



where Ct is the t-th column of'c, ei is the t^tK columrirof *e,: d^is .the^mmte^ Ct 
that are different from Ct, and • 

The diversity advantage is now dLr, and the coding advantage is /x. 

Thus- the' design criteria for space-time codes pver iast fading -channels are the following: 
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(1) Distance Criterion: - Maximize the: number of column differences c?;—. | {^: q ^.^ ej | 
■ over all pa;irs of distinct code vi^ords c, e € C," and .:. . ^ • ; ■ . i - 

(2) Prodwc^ Criienon: Maximize the coding advantage 

over all pairs of distinct code words c^e E C, 

Since real fading channels are neither quasi-static horrfast fading but something in between, 
designing' space-time-codes^'ba:sed on a combination of the quasi-static and fast fading design 
criteria is useful. Space-time codes ' designed according to the hybrid - criteria are hereafter 
referred to as ''smart greedy codes,!- meaning that the: codes seek to exploit both spatial and 
temporal diversity whenever available. . : : 

' A -handcrafted example of ^ a f^t^^ for L = 2 

anteniias and BPSK modulation is knowni- TMs code is a speciaLcase of :the multi-stacking 
construction of the preseM' invention a^^ two binary ratea/2 convolutional codes 

having respective transfer function ma ; ' ' . r ^ 

■ The^ -knbwn^ M-'TCM;-eXatopl6.5Gan=::atk5 'be?' -analygfed.' using the binccry rank criteria. Other 
smart-greedy • exaihples axe 'b^ed aa traditiorial' cdncatenated coding schemes with space- 
time' trellis codes as inner codes.' : • \ :• ; 

• The general M I FI/ 1^1 .4 -0 5 I,, de-stacking, multi-stacking,' and i concatenated code 
constructions^ of the 'present -iflventiori- provide a large class of space-time codes that are 
"sniart^gf^dy.-?- Furthermore,'the. common practice-in wirelesi comflaunicatiois of interleav- 
ifig ^within <ciode words ' to ' randomize, burst • eirriors: on such chaniiels is 'a special, case of the 
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transformation . theorem. Specific examples. of: new, -more. sophisticated smart-greedy codes 
can be easily obtained, for example, by deTstacking or multi-stacking the space-time trellis 
codes of Table L These latter designs make possible the design of space-time overlays for 
existing wireless communication systems whose forward error correction schemes are based 
on standard convolutional codes. The extra diversity of the spatial overlay would then serve 
to augment the protection provided by .the; traditional-temporal coding. 

6 Extensions to Higher Order Constellations 

Direct extension of the binary, rank analysis in accordance with- the present invention to 
general X x n space-liime codes over/the alphabet Z^r ^fo^v2%PSK .roodulation^wi^^^ 3 
is difficult. Special cases such asrS-PSK-xode^^with .-^..^ ^r^i.tr^Gtabl0» Thus, 

known 8PSK-modulated space-time, codes, are ^GQye^pd:by the; ':>binary> -rank criteria pfithe 
present invention. .^lon'r.-: '^ v;^v^-..^ -/ ■ .;va-?''r'' ;.o:ri-':i':^t: 

For general constellations, multi-level .ppding J.ej:hnique4 can prc^td^ce ^o^vexfiiV space-time 
codes, fori high bit rate.applications wMle .admitting.a -sjm^^ 

level P.SK constructions are possible^ uslng:m.etiiods,pfrthet^ at>.each 
level binary decisions are made, the binary raiik criteria. c?tn*Lbe/i|se(i in aceqrdan^^ wi.th the 
present invention to design space-time codes that proyi^ie guaranteed levels of diversity at 
each bit decision. ' ' ' . 

; To summarize, general design,- crit.eri$i-fprj PSK-mp.4ula^dr: .space-time , cpde^^^ jaaye been 
developed in accordance [.with, the present i.nveatipn^>b?L?ed pn^^hebipari^'^ranfevof $he.^ 
ulated code words, to ensure that full spatial diversity ,is\achi^y^d.,;For,BPSK. modulation, 
the binary rank criterion provides a complete cbara;<iteri2atibn of sp'ace-time co^es. achieving 
full spatial diversity -when no knowledge is aA^ailable, regarding . ^^^^ signs 
among the baseband differences. For QPSK rRodulatjon:^ the also 
broadly. applicable. The binary, design criteria significantly ^TOplify the problem: of designing 
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space-time codes to achieve full spatial diversity. Much of what is 'ctir-ten'tly 'known :about 
PSK-modulated space-time codes is covered by the design criteria of the pressent invention. 
' Finally, several new construction methods of the present invention aire provided that are 
"general. Powerful 'exemplary codes' for -both quasi-static and time-varying fading channels 
have been identified based on the constructions of the current invention and the exemplary 
set of convolutional codes of Table I. ^ ' - ■'' ' "\ 



58 



BNSDOCID: <WO, (X)18056A1 J_> 



WQ 00/18056 



PCT^S99/21850 



What is claimed is : .. . ^ • f ; -r • - . • , • 

1. A communication system cpmprising: a framer for segmenting transmit data blocks 
into fixed frame, lengths fpr .generating, information symbols, fronri, a dipcrete alphabet of 

symbols; ■■ ■ ■ , - • .*/ : „ : - : • - v . ' ■• - .'W: % • " .* : 

a plurality of antenna links; ^ , \ \, - r i; . • 

a channel encoder for encoding the generated information symbols with an error control 
code for producing code word symbols; 

a spatial formatter for parsing the produced code word symbols to allocate the symbols 
to a presentation order among said plurality of antenna links; and 

a phase shift keying modulator for mapping the parsed code word symbols onto con- 
stellation points from a discrete complex- valued signaling constellation according to binary 
projections to achieve spatial diversity. 

2. A communication system as recited in claim 1 comprising data terminal equipment 
(DTE) coupled to said framer for communicating digital cellular data blocks. 

3. A communication system as recited in claim 2 wherein said digital cellular data terminal 
equipment comprises Code Division Multiple Access (CDMA) systems. 

4. A communication system as recited in claim 2 wherein said digital cellular data terminal 
equipment comprises Time Division Multiple Access (TDMA) systems. 

5. A communication system as recited in claim 1 wherein said channel encoder comprises 
a mobile channel encoder producing the code word symbols having length of a multiple N of 
the number of said plurahty of antenna links L. 
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" ' 6. A commumcatibn system -as Teei ted in' claim S wKerein said spatial -formatter parses 
the length N of the produced code word symbols among L antennas: ' 

■ -• 7: A communication system as re'cited iri^'clairn -2 comprising a plufallity of transmit 
' antennas,'" wherein the coinbination^of channel encoder and spatial formatter are chosen from 

■ ' the class of spate-tiine codes' satisfying binary rank criteria. ' ■ " ' ■ ' • - ' 

g. ^ A -cofntriuiiicatTOh/ systern as -recitfed in ' claim 2 comprising- a plurality of transmit 

■ antennas, wlierein the cortibmation of channel encoder arid spatial fbrrriatter are' provided 
with a stacking space-tirne code c6 ^ " ' '* ' - f ■ 

9. A communication system as recited in claim 2 comprising a plurality of transmit 
" '"anteiinas, ^?(rh^^^^ binary phkse shift ^ modulation is used ahd the space-time 

" '^ cod^ is bas^d oh formatSiifg the output- of convolutiohal channel encoder for presentation 
across the transmit antennas. 

■ ' 10. A cbmmiiiiicafidh' i^y^^ 

ant^iihas/wherein' a c6ncaten4ted spTace-'time code^ is used in which' the outer code is used to 
satisfy a binairy farik'triteria. ahd' i^^^ codes 'are used to encode the transmitted 

information from the multiple transniit'cLnt'eimas. • ' 

: : . ; > ' - cbmriiuni caption system' 'as recited in claim 2 ^ comprising ■ a pluraUty of transmit 
' " ' itntennas, wherein* a cdhcatenated space-tirhe code is used in which theinner cod^ is composed 
of a channel enco^eir aii'd'ia. spatiail forihat'te^^^ satisfy a binary rari^k criteria. 

" ' ^ 12. A' cbmm^hJ6irtiOn''sy^^^ in claiiia * 2 *c6mpri sing a * plurality of transmit 
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antennas-, wherein. the combination of channel encoder- and spatial formatter are covered by 
a multi-stacking construction. ; ' . t 

13. A communication systern as recited in claim 2 comprising a plurality .of transmit 
antennas^' wherein quadrature, phase shift keying (QPSK). modulation is .used.and the sgace- 
time code is covered by a stacking,rnaulti-stacking,-or: d^^^ fpr Q^SK. 

14:.; A. communication sys^m as recited..:;^ 2.,5:prnpris^ing a. p^ura^^ transmit 

antennas, wher.ein QPSK.modulatio^ is u^e^d .and;. t>e spac^^^^^ <;ode is-^ftsed op. formatting 
the output of a linear convolutional code over-,the.ri9g pf iiitegerp. inp.dul^^ 
across the multiple transmit antennas. 

. 15. A communication system a^.reci^d. in.. (^lai^^^^^ comprising a^.plur^pty .of^^ 
antennas, .wherein QPSK modulatioii ,is,.used . and, tUf. space- tini^ pqd^^ 
construction. ^r. . ; . a-^; ^ . :i,v> > 

16. A communicatipn systeni a?- jrecited i^,,cl^na .2 . Qoppri^^ transmit 

antennas, wherein raulti-level coded^^mod^latioA ^a^id.^^^ the 

binary space- time code employed ia each level belo^^ cpdfs, that satisfy the 

binary rank criterion or any of the constructions^. , . .[ t;'rr<. -^d .:\c . i j: . ■ ; /•* r 

- 17. A* comniunication system as recited in .cl^in> 2 cpmpfising^ two. transmit antennas 
wherein.M-ary P5K modulation, M ^8 or inore, is used .and :tlf^ space-tir^e. code,belopgs- to 
a class satisfying th^ binary rank criteria or any ^of:t^e const|cy^^^ , , ^. 

18. A xommumcation .system as recited jn. claim, 2 qqmprisi^^^ of transmit 

61 



BNSCXX;iD: <WO 001B056A1J_> 



' wo 66/18056 



PCT/US99/21850 



antennas, wherein graphical space-time fcodes^ are designed such -that the code-generating 
matrix satisfies the stacking, multi-stacking, or de-sf ackiilg construction. • 

19. A communications method comprising: . . . ^ - 

generating information symbols for data block frames . 

encoding the generated information symbols with an underlying error control code to 
produce the -code wdrd "symbols; ' • ' ^ : ' - ■'■ ; 

parsing the produced code word symbols to allocate the symbols in a presentation order 
^ ^ to a plurality of cintenna lihks^ ^ ■ ^ : i ^ , - ■ . 

mapping the parsed code word syrribols onto constellation points from sL discrete complex- 
valued signaling constellation; ' ^ ■ ' ' ; / - ' • i l -/' ' 

transmitting the modulated symbols across a commimication channel with the plurality 
of 'ajiteniia-liiiks;" ■ - .i'l ' ^ y '-v i * ; ' ^ . ' 

: ' providing a plurality of receive antennas at a receiver to collect incoming transmissions; 
and ^ 

decoding received baseband signals with a space-time decoder. 

• 20. A'method as recited in claito 19 wherein sk^ 

with a space-time encoder having a channel encoder and a space-time formatter. 

- 21. A comhiunicatiohs systeni eom^^^ ^ ' ' - '■■ - ' - 

means for generating infofrriation symbols for data block frames of fixed length; 
means for encoding the generated information symbols with an 5 underlying error control 
code to produce the code word symbols; 

means for parsing the produced code word symbols to allocate the symbols in a presen- 
tation order to a plurality of antenna links; 

62 



BNSDOCID: <WO 0018056A1J_> 



wo 00/18056 



PCT/US99/21850 



means for mapping the parsed code, word symbols ontq constellation points from a discrete 
complex-valued signaling. constellation; .' - . - . • *. : '.• .n 

means for transmitting the modulated symbols across a communication channel with the 
plurality of antenna links; : . r . • 

means for providing a plurality of receive antennas at a receiyer to collect incoming trans- 
missions; and:- ;> [ ; •.; • , .,: ; • .: h :: ^ . : • 

means for decoding received ba^e band signals wi th -a' space- time -decpder. -'^ 

22. A communication system as recited in claim 21 wherein said «n<;oding rneans cornprises 
a mobile channel encoder producing the codeWordL;synribols having length of a miiltiple N of 
the number of said plurality of antenna links L. • i..,;; - : : - - » { ! 

23. A communication system as recited in claim 22 wherein said parsing; nieans comprises 
a spatial formatter for; parsing the length N ,of.,the produced code word^, symbols amorig L 
antennas. ; 

24. A conmiunication system as recited in claim 21 wherein said encoding and parsing 
means comprise a space-tim^,ejn codex -having a channel, encoder and a spaceTtime formatter. 

25. A communication system as recited in claim 24 comprising receiving means for col- 
lecting incoming transmissions demodula^d .with a phase shift ; keying deniodulator and a 
spacertime decoder to demodulate the code, wprd symb.ols.. » ^ .^i.. 
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A binary design criterik for PSK-modulated space-time codes is provided. For linear binary PSK(BPSK) codes an[d quadrature PSK 
(QPSK) codes the "binary rank criterion" (i.e. the binary projections of the unmodulated code word, as binary matrices over the binary 
field) is used as a design criterion. Fundamental code constructions for both quasi-static and time-varying channels are i>rovided. i 
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METHOD AND CONSTRUCTIONS FOR SPACE-TIME CODES FOR 
PSK CONSTELLATIONS FOR SPATIAL DIVERSITY IN 
MULTIPLE-ELEMENT ANTENNA SYSTEMS 



This application claims priority to U.S. Provisional patent application Serial 
No. 60/101,029, filed September 18, 1998 for "Method and Constructions for Space- 
Time Codes for PSK Constellations'*, and U.S. Provisional patent application Serial _^ 
No. 60/144,559. filed July 16, 1999 for ^MethocI knd Constructions for Space-Time 
Codes fbr PSK'tonstellatioris* 11", both of wh'ich" were filed by A.* Roger Hammons, Jr. 
and Hesham EI Gamal. . .J , ■ \- ./h. j . 



Field of the Invention : \ ' ' * ; l,y. 

..The invention relates generally to-PSK-modulated space-tirrie codes and more 
specifically to. using fundamental/c'ode constructions for qiia^i-static and time-varyingr.' 
channels to proylde full spatial diversity for an arbitrar)' number of transmit antennas.-^' ''^ 
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Background of the rnveni'ion : ■ ^ ■ 

> Recent advances in"coding theory ^include spacce-time codes wliich providis' diversity in 
multi-antenna systeriTS' over facing channels with channel coding^ across a small number 

■■ of transmit antennas:- For wirfeless corhrriunication - systems, a nurribfer of ' challenges arise 
from t hie harsh-RF propagation environme characterized- by channel fadi'ng and co-channel 
■ interference (CCI). Channel-fading can be kttributed to diffuse and specular multipath, while 
= CCI arises from reuse-of ra"di6 resources. Interleaved coded modulation on the tratismit side 
of the system and fnurtiple^ant^ririas 6rf the receive side are'standard methods used in wireless 

: communication" systenis 't'o^cornb'dt trime-'varying fading 'and to* mitigate interference. Both 
are examples -of diversity technique^ - ■ 
- Sirriple tfansriiit diversity sc^^ fdr example, a delayed replica of* the trans- 

: 'mitted signal is retransmitted througH cL second," spatiall3''-ihdependent antishna aind the two 
signals are coherently conabined at the 'receiver by axhannel equalizer) have also been consid- 

i • ered within: the' Wireless "cbmrnunica^^^ as a nriethod to combat multipath fading. 

From a coding perspective, such transmit diversity schemes amount to repetition codes and 
encourage consideration of more sophisticated code designs. Information-theoretic studies 
have demonstrated that the capacity of multi-antenna systems significantly exceeds that of 
conventional single-antenna systems .for fading channels. The challenge of designing channel 
codes for high capacity multi-antenna systems has led to the development of , "space-time 
codes," in which coding is performed across the spatial dimension (e.g, antenna channels) 
as well as time. The existing- body of "work on space-time codes relates to trellis codes' and 
a block coded modulation scheme based on orthogonal designs. Example code' designs that 
achieve full diversity for systems with only a small number of antennas (L = 2 and 3) are 
known for both structures, with only a relatively small number of space-time codes being 
known. Thus, a need exists for a methodology of generating and using code constructions 
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which allow systematic de\*elopmenL of powerful space-time codes such £is general consiruc- 
lions that provide full diversity in wireless systems wiih a large number of antennas. 

The rnain concepts of space-timq coding for quasi-static, flat Rayleigh fading. channels 
and the prior knowledge as to how.. to design them will now.be discussed. For the purpose 
of discussion, a source generates k information symbols :froin the discrete alphabet, A', which 
.are. encoded by ,the error control code C to- produce .code words of length N =:nLi over 
the symbol alphabet 3^. .The encoded symbols are.par.sed, among transmit antennas- and 
then, mapped by the modulator, into constellation points from, the^dis.crete complex-vajued 
signaling, constellation Ct for transmission across, a. channel. . Xl^ streams fbr all 

antennas are transmitted simultar;eously„^ At, the^receiA^ to 
collect the incoming transmissions. The received ba^.eb^ncl^signals -are/Siabse.quentl^ 
by the space- time decoder. Each.spa.tial chajinel,(;t^e4ink*betwe^en one-transryiit anteiina and 
one receive, antenna) is assumed tp:experien99,statistiQally independent. flat R,a^leigh4ading. 
Receiver noise is as.sumed .to. bq. additive, wbjte Gaussiari noise (AWG-NJ-^A^space-.tiijieiC 
consists as discussed herein perferably of anrundjerlyipg error control code, together; /with^^ 
spatial parsing format,, , . ■. . ^-y. -,^1 . , : -urj -'.^7% 

Definition 1 An L x n space-time code C of size M consists of an (Ln,MJ error control 
code C and a spatial parser a that maps each code word vector c E C to an L x n matrix c 
whose entries are d rearrangement of those of c. The space-time code C is said to be linear 
if both C and' a are linear. 

Except as- noted to the contrary, a standard parser"- is f^sum^djwhicb niaps: :i - ' i r ; 
c = (cj , Cj , . . . , c^* ) cj) . . . , C2 \ . . . , cj^, c^, . . . , c^' ) G C 
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d ■ 


■■ < 




4 •■ 


■: ■ cl 













In this notation, it is understood that is the^ code symbol assigned to transmit' antenna i 

at time i. - , . ■ . ' - , 

Let / : 3' O be the modulator mapping function. Then s /(c) is the baseband 
version of the code word *Vs transmitted across the channel. For this System; the following 
baseband model of the received •signal 'is presented: 

■-■'-r-:z^^^ ■ (1) 

r 1=1 

"'^ where yi is the signal received at-antenna j at time i\ a,j is the complex path gain from 
: transmit anicnna-.i, to receive, antenna is the transmitted constellation point 

corresponding to c\; and nf is the AWGN noise sample for receive antenna j:at time ^ The 
noise samples are independent samples of a zero-mean complex Gaussian random variable 
with variance Ao/2 per dimension.- The. fading channel is quasi-static in the sense that, 
during the transmission of n code wor.d "symbols across any one of the links, the complex 
path gains do not change with time t, but are independent from one code word transmission 
to the next. In matrix notation, 

. ...... : - y = V^3^Dc + iV, - . - - - (2) 

-...where :. \ ■■ • / • : ■ ' '/ - ' ■ ' ' * ' ■ ' ■ 

[yl y\ ■■■ y'n y? y| ••■ vl ' yf" yl' 1 ' 

[ Qll aji ••• CtL,i Qi2 Q22 * ■ • • " Q;l,2 OciLr "IL, ••• QX.I-r ] > 
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/(C) 0 
0 /(c) 



0 



0 



0 
0 

0 
/(c) 



Let code word c be transmilicd. Then the pairwise error probability that the decoder 
prefers the. alternate code word e to c is„giyen by. . . ..^ . • -[ 

Pic-*e\{a,,}) = P{V<0\{a,,}), ' 

where. V = || A(Dc — De) + AM|^ — || /V.|p is. a Gaussian .rajidpm variable with mean E{.V} = 
II A{D, - De) IP and variance Var{ V'} = 2A'o..E{ V' }...,Thus„ , .. , .. , . 



(3) 



For the quasi-static, flat Rayleigh fading- channel, *eqtiation (4)-can^ be -m^mpulaled tb' yield 
the fundamental- bound:' ' . = ^- ■ • ' ■ • ' *• ' ■ ■ '• . 



P(c^eK;,)):^;( ^^:^^;'^^^^^^^^j 



- UnoJ 



., ;(5) 

(6) 



I' :-r 



where r = rank(/(c) - /(e)) and 77 = (A1A2 • • • A^)^^*" is the geometric mean of the nonzero 
eigenvalues of A = (/(c) - /(e))(/(c) - /(e))". 

This leads to the rank and eqiiivalent^'product distance criteria for space-time codes. 

(1) Rank Criterion: Maximize the diversity advantage r = rank(/(c) — /(e)) overfall pairs 
of distinct code word? c,e,G C\ and 

(2) Product DJstance Criterion: Maximize the -coding advantage:?/ =■ (AiA2-* • A^)'^'* over 
all pairs of distinct code words c,e G C. 
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The rank criterion is the more important of the two criteria as it determines the asyniptotic 
slope of the performance curve as a function of ^i/^^o- The product distance criterion is 
preferably of secondary importance and is ideally optimized after the'diversily advantage is 
maximized- For an L xn space-time code C, the'maximum possible rank is L\ Consequently; 
full spatial diversity is acTii'^VeH if all baseband difference matrices cbfi-espbnding to distinct 
code words in C have' full rank Z'/ 

" ■ Simple design rules for space-time trellis codes have been proposed for L = 2 spatial 
diversity as follows: 

" Rule L i'ransitions departing from the same state differ only in the second symbol. 
" ■ Rule 5J Trarisitions mefgirig at the same state differ only in the first symbol. 
"When these rules are followed, ihe code word difference matrices are of the form " 



xi 0 

0 : X2. 



with Xi,X2 libnzero complex niirhbers.'Thus, e\'ery such difference mktrix has full rank, and 
the space-tirne code achieves 2-level spatial diversity. Two good codes that satisfy these 
desigia rules,' afidi a few others that do' not, have been handcrafted using computer* search 

rhethods. ■ . ^ _ 

■ The concept of "zeroes syinmeti-y"' has beeri introduced' as a generalization of the above- 
referenced desigri rules ifor higher levels of diversity L > 2. A space-time code has zeroes 
symmetry if every baseband code word difference /(c) — /(e) is upper and lower triangular 
' (arid has appropriate "nonzero entries to ensure full rank) . The zeroes symmetry property is 
'sufficient Tor full rank but not necessary; nonetheless, it is useful in constraining computer 
searches for good space-time codes.^ 

' * Results of a coniputer search undertaken to identify full diversity space-time codes with 
best possible coding advantage have been presented.' A small taBle'of short constraint length 
space-time trellis codes that achieve full spatial diversity '(^ = 2,*3, and'5 for BPSK modula- 
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Lion; L = 2 for QPSK modulation) is available, Difficulties, however, are. encountered when 
evaluating diversity and coding advantages for general space-time trcjlis codes. A< a general 
space-lime code construction, delay diversity schemes are known to achieve full diversity for 
all L > 2 with the fewest possible number of states. ..... . . ...... 

A coniputer search similar to the above; referenced, comjputer search has identified optimal 
L = 2 QPSK space-time trellis codes of short constraint l^.n^th.. The results agree with the 
previous results regarding the optimal product distances biit the given codes have, different 
generators, indicating that, at least for L = 2, there is a multiplicity of optimal codes, 

A simple transmitter diversity scheme for two antennas has been introduced whcih pro- 
vides 2-level diversity gain \vi th . modest decoder cpmplex^^^^ In this scheme, .independent 
signalling constellation ppin^s Xi, X2 are transniitted simultane^^ by different transirLit{an- 
-tennas during a given symbol interval. On the next symbol interval, the conjugated signals 
-x; and xj are transmitted by the respective ahlenriksf This scheme has the property that 
the two transmissions are orthogonal in both tirne a^^ , , ^ 

The Hurwitz-Radon theorv.-of real aad complex orthogonal . designs are a known gen- 
' eralization this scheme to multiple transmit antennas. Orthogonal designs, ho\veyer,.;:are 
not space-time codes eis defined herein since, depending on the constellation, the complex 
conjugate operation that is essential to these designs niay not ha^^^ djscrete algebraic inter- 
pretation. The complex generalized designs for = 3 and 4 antennas also involve division 

To summarize, studies on the problein of signal design for transmit diversity svstems 
have led to the development of. the fundamental performance parameters for . space- time 
codes over quasi-static fading channels such as: (1) diversity advantage, which describes the 
exponential decrease. of decoded error rate versus signal-to-noise ratio (asymptotic slope of 
the performance curve on a.log-;log scale); and (2) coding advantage, which does not affect 
the aisympt.otic slope but results in a shift of the performance curve. These parameters are, 
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respectively, the minimum rank and minimum geometric mean of the nonzero eigenvalues 
among a set of complex- valued matrices associated with the differences between baseband 
modulatecl code words. A small number of interesting, handcrafted trellis codes for two 
antenna systems have been presented which provide maximum 2-level diversity advantage 
anci good coding advantage. 

One of the fundamental diifiicuities of space-time codes, which has so far hindered the 
development of more general results, is the fact that the diversity and coding advantage 
design criteria apply to the complex domain of baseband modulated signals, rather than 
to the binary or discrete domain in which the underlying codes are traditionally designed. 
Thus, a need also exists for' biliary rank criteria for generating BPSK and QPSK-modulated 
space-time codes. 

Summary of the Invention : 

The present invention overcomes the disadvantages of known trellis codes generated via 
design rules haying very simple structure. In accordance with the present invention, more 
sophisticated codes are provided using a method involving design rules selected in accordance 
with the preferred embodiment of the present invention. These codes are straightforward to 
design and provide better performance than the kno\vn cddesf The prejsent ' invention also 
provides a significant advance in the theory of space-time codes, as it provides a code design 
method involving a powerful set of dlesign rules in the binary domain. Current design criteria 
are in the complex baseband domain, and the best code design rules to date are ad hoc with 
limited applicabilit}'. 

The present invention further provides a systematic method, other than the simple delay 
diversity, of designing space-time codes to achieve full diversity for arbitrary numbers of 
antennas. The performance of space-time codes designed in accordance with the methodology 
and construction of the present invention exceed that of other known designs. 
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Briefly summarized, the present invention relates to the design of space- time codes to 
achieve full spatial diversity over fading channels. A general binary design criteria for phase 
shift keying or PSK-modulated space*time codes is presented. For linear binary PSK (BPSK) 
codes and quadrature PSK (QPSK) codes, the rank (i.e., binary projections) of the unmodu- 
lated code words, as binary matrices over the binary field, is a design criterion. Fundamental 
code constructions for both quasi-static and time- varying channels are provided in accordance 
with the present invention. 

A communication method in accordance with an embodiment of the present invention 
comprises the steps of generating information symbols for data block frames of fixed length, 
encoding the generated information symbols with an underlying error control code to pro^ivice 
the code word symbols, parsing the produced code word symbols to allocate the symbols in 
a presentation order to a plurality of antenna links, mapping the parsed code word'isymbols 
onto constellation points from a discrete\omplex-valued signaling constellation, transmitting 
the modulated symbols across a communicatiori channel with the plurality of antennajinks, 
providing a plurality of receive antennas at a receiver to collect incoming transmissions and 
decoding received baseband signals with a space-time decoder. 

Brief Description of the Drawings : . 

The various aspects, advantages and novel features of the present invention will be more 
readily comprehended from the following detailed description when read in conjunction with 
the appended drawings in which: - . . > ..^ ' 

Fig. 1 is a block diagram of an exemplary digital cellular Direct Sequence Code Division 
Multiple Access (DS-CDMA) base-station-tO:mobile-station (or forward) link; ^ 

Fig. 2 is a block diagram of a system for a digital cellular system which inipl,ements space- 
time encoding and decoding in accordance with an embodiment of the presentjnvention; 

Fig. 3. is a block diagram illustrating space-time encoding and decoding in accordance 

.ciyr'n- : - ^ i... : -v^/y : ^- ' "i -i:^.' - 
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with an embodiment of the .present invention: : ' • - * • • • 

- Fig. 4 is a J)lock diagram of a .fidl-divicrsity space-time concatenated encoder coiisVruclcd 
, in accordance with, an embodiment of the present invention: atid i r • '.rJ 

-;. ; Figs. 5a, 5b, 5,c .and od illustrate howvknown space-time codes for QPSK mbdulation 
. ^ over- slow fading .channels . Gompiies with general design rules selected in' accordance with an 
embodiment of the present invention. - ■ • 

• Throughout the drawing figure's, like reference numerals will be uriderstobd to refer to 
-like parts. and components.. , ' : - :: ; . 

. , Detailed Description of the Rreferred^ Embodirhents :- ' * . 

■ Referring ;,tOi Fig. 1, by way: of an. example, a cohventibiial digital cellular Direct Sequence 
Code Division Multiple Access (DSCDMA) base-station- to-mobile-s'tation (or forward) link 
. Ift is shown using, a conventional- com^olutionar encoder' and - Vit-erbi decb^^ 1 also 

..;illustjates-.the mobile-stali'Dn-rto-ba^e-st^^ (or- reverse) link; '\. 
, . : At the transmit end^i the systemi 10 in Fig.- 1 comprises' a- data segmentation and framing 
: module 16 where. user Si nforrnaltion bits^are a;ssembled into fixed length frames from transmit 
- data blocks 12-:. The A' 'bits per frattie'are input to the 'base st 

pf -rate r,- which- produces AVn- code?- symbols at the iiipuf of the channel'interleaver 20. The 
: channel interleav.er::20 .performs pseudo-faikibm shufRing of code symbols, and outputs the 
.^.rerarranged.syrnbols to 'the spread spectrum -rnodiilat 22. The:spread spectruxri rriodulator 
22 uses a user-specific transmit PN-code- generator 24- to- produce a- spread spectriim signal 
whi^:h> is; carried' on a RE carrier'to the tpahsrriitt-er 26, \vhere ai high p'ower amplifier'coupled 
,:tO::the'trausn^it;anterina-2S -radiates;^ to the base- station; -The techniques'of spread 

-.. spectrum modulation .and' RF't^ known art to one faniiliarAvitH spread 

. spectrum communica-tions sivst^ms. - * - • • - - • - ' - ' ■ - ' ' 

The '.signal received' at., the mobile station antenna '-30 is amplified in the RF' receiver 32 

10 

/ SUBSXriiWE ^HE£T (RU^ ' 

BNSDOCID: <WO 0018056A1 IA> ( 



wo 00/18056 



.PCT/IJS99/21850 



and demodulated by the spread spectrum, demodulator 34, which uses the same PN-code 
generator 3G as used by the base siaiion- iransmiiier lo de-spread the signal. The demod- 
ulated symbols are de- interleaved by the channel de-interleavcr 38 ^nd* input to the -Viterbi 
decoder 40. The decoded information bits are reconstructed usirig. data block reconstruction 
42 into receive -data; blocks 14. and forwardedrto the data •terminakequipni'ent at the -receive 
end. .: • ^ ' • - ^ - 

With;reference.to..Fig. 2, aidigital cellular base-statiorr-to-.mobile-station link-is"shown 
to illustrate the implementation of space-time encoding and decoding in accordance" with 
an embodiment of the present invention. While CDMA system is used cis an example, 
one familiar with the art would consider t:h'e;pYe5.erit:im'.ention lapplicable t^^ 
wireless systems, which can employ ojLher types -:of multiple access methods isuch ^as tinils 
division, multiple-access (TDMA). . . . ; -V. . ' . :*■'' -' " - ' -li 

Transmit data blocks 52' from the data jterjninal; equipment 'are segmented'and 'framed* 
56 into fixed frame length and -applied to the ihQbile'-s^channel.space-time endoder-'oS. Tire 
output from a, channel encoder 60 is -fed to/the/space^time formatter 62 \vhich determines 
the parsing (allocation and presentation order) 0:f'the: corded >symbols to. the-^varibus transrmt 
antennas 70a, 70b, 70c. The, spatial formatter output: is -applied to the spread spectrum 
modulator 64 which,. uses a -user; jspeeifie PN-co.de. generat or '66 :.to create spread" spefctrum 
signals, carried on a RF carrier via-batse RF traii.§mit;ter-6S,-*to the.mobile:station tran'sniitter. 
The transmitter, with, high power amplifier :cau;pled''J^^^ the Transmit -anteni^a, radiates' the 
signals via separate transmit antennas to the rnobile statioh* ^- • • - 

. The signal received at .one or-vmore mobile -fitatiQn, an t^jina(s) 72as amplified iii the- mobile 
RF receiver 74, and demodulated in a phase/ sbift/keying<lemodulator 76, which". uses the same 
PN-cpde generator. 7S ais -used .by. the base statiqa X-r^ngmittef I tio.:de-spread: the sign'al; "The 
demodulated symbols are processed at space-time decoder^SO^by the.space-trme de- formatter 
82 andjnput to, the channeLdecoder 84. The decoded. information. bitsr.a^re'Xecon'.struGted 86 
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into receive data blocks 54" and forwarded to the data terminal equiprncnt at the receive end. 
Based on ihc si>acc-iiine code, used: the de-fornTailer'S2 and i he- decoder 64 can be grouped 
./in a single maximurn likelihood receiver. - ■ . . . 

: Pig. 3 illustrates an ex'emplary commiihicatioh system 90 having'^ path 92 from a source 
and a path 94 to a! sink and Avhi^H' dan be a system other tKan a cellular systeni. The system 
■ 90 has a space-time ericoder^96 that is similar to the'encoder 5S depictbd ih Fig. 2 in that it 
. comprises a channel encoder 98 and' t spatial -forrhiatter 100. Plural modulators 102a; i{)2b. 
■M.02c, and so on, are also provided: At the receiver end, a- space-time demodulator 104 and 
;a space-time decoder 106 are' provided; .. - 

.' With continued reference tc^- F k information sj'mbols from a 

discrele alphabet X on' the 'path- 92' which are-encoded by ah error control code 'C' by the 
'space-time encoder: 96. Tlie space-time ehcader-96 pr6yae^ codis words of length N'over the 
/ symbol alphabet Y. The encoded synibdls are mapped by the- modulators l02a, - 102b, 102c, 
and so on, onto constellatiorirpoints from a discfete, complex- valued signaling constellation 
:for transmission- across' the channel; -The -modulated' radio frequericy signals for a;ll of the 
L ^trarismit antennae lb2a, * r02b, ^-102c\- ^ a so on, are transmitted at the same time to 
the^ receiver space-time deiriodulator '104. The space-time channel decoder 106 decodes the 
• signals to the received data :palh 94''^-AV shown,' the recei vet provides- M receive antennas to 
collect the incdmihg transmissions^ The received baseband signals are subsequently decoded 
. bylhe -spaGe-time 'd€:coder:106i- This: space-time code preferably includes an- 'underlying error 
control code,, together' with- the spatial- parsing format as discussed below. ' 

'Fig. '4 depicts an exemplary* concatenated space-time encoder 110 for implementing a 
full- diversity space-time conidateriate'^d coding sequence. Tlie coding sequence Employs an 
outer code 112 which pfovid^is signal:s to a- spatial formatter -114.' Signals- from the spatial 
formatter 114 are'- separated' for coding at inner code 116a, llGb, -116c. ' and so on, which 
. ptJOvide sighcLls 'that -are modula'ted^^fespe'ctively, by modulators ir8a,'ir8b,' 'llSc, and so on, 
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for transmission via antennas •l-2Qa, 12pb, .120c, and so on. A convoluiional encoder applying 
the .binary rank criterion for QPSK inodulatcd space-lime codes is shown in. block diagram 
form in Figs, oa through 5d in which known trelljs space-i time codes proposed for .QPSK 
modulation, arcr shown- to comply with the general design;- rules -of the-pr.esent invention. 
• Space-tirne trellis cpdes are shown in Figs., pa tlirpugh.:5di-,respectively,. for. 4,, S,* 16, and 32 
. states-which achieve full spatial diversity, As show^n,^ t}ie ^ela^'i^structures' 122, 124, 126.- and 
1-2S provided for each respective code design^.are jenqught to ensure that- L ~ 2 diversity is 
achieved. ,In the text below, a-, number of known code's ,aFQ.sho\Yn' to be special cases. of the 
general constructions presented in accordance w'ith thei present invention, In- addition^ the 
present invention provides new delay diversity schemieSi and -cpn^^^^^ siich as,e>^amples 

of new BPSK space-time codes fprj.L;>,2-aQd i>e\v QPSIy s^ 

The present invention, is concerned^prinri^riLy. with .the .design of spaee.-time.cpd^s rather 
than the sigrial processing, required 4.p: decode. ;t)iem. ^ I^^^^ deco^ding: employs 

known, signal processing us,ed for ^maxirnuni likelihoojdrfec^sptipn. _ , • . ... 

The derivation of space-tirne codes frpm.codes;on graphs is a primary feature o-f the present 
invention, that is, to define constraints on rpatrices^for .lin]ear po graphs, to pro- 

vide full spatial diversity as. space-time codes jand 4here'fore jLp, de^ for 
space-time applications. The -matrices- can -.be -pbtained using .the, present inventipn;:\Graph- 
ical codes designed in this manner^ can^ be decpded using .spft-m spf;t:Output techniq.ues. 
. Thus, .performa.nce is close to. the- Shannon; lipfiit^..> Accordingly^; the or 
designs of the present invention define the stalerof-thg-^rt perfpripa^^'Ce-of- spacer codes. 
.An iroprovement of iterative soft-input, soft-output decoding Jpr a -spacfe-time channel is 
mArginalizatipn since the receiver need .only access, the. sum of the^transmissipn-,from ;lhe L 
transmit antennas. This marginalization is improved .vja ii^i;atjpn. ;. _ - 

A general stacking construction for BPSK and QJRSJv co^^ jn..q^uasi-&tatic fading. channels 
is presented ^ another novel feature of. the presentiinyeptpn:.- E^anqples of .this.cpnstruction 
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are given by the ratel/L binary .convolutional. codes for BPSK modulation.. A preferred 
class of QPSK modulated, codes i$ the linear rate :1/Z convolutional codes oyer the integers 
modulo 4. Specific examples of selected block and concatenated coding schemes for; L == 2 
.^and L — Z antennas with BPSK and QPS,K modulation are provided belo.w., In;addition, 
a dyadic construction for Q^SK, signals using t^vo binary , full- rank codes is also described 

Another example is -proyid,ed below, of an expurgated, punctured version of the -Golay 
-code ^2.3 that can , be , formatted as . a :.BPSK-mpdulated space-time block code achieving 
full Z/, = 2 spatial, diversity and maximum, bandwidth ^efficiency (rate L transmission). - For 

=r 3 diversity, an- explicit rate 1.. space-time code is derived below which achieves full 
- spatial -diversity for. BPSK and :QPSIv modulation.. . By. contra^ known space-time block 
codes derived. from complex, generaliz.edv orthogonal designs provide nt> better, bandwidth 
efficiency than rate 3/4, ; . ^ . , . . .. . - . - • ■ ' : • . : • . . 

The de-stacking construction is a niethod of obtaining good space-timcvoverlays for ex- 
, isting systems for operation . over tiine- varying fading channels. The key advantage of these 
systems is. that of robustness because .they, exploit time and space diversi-ty. There is coding 
gain both spatially (from, . the, space-tirne "stacking";) and temporally (conventional coding 
gain achieved by "de-stacking''). The system is not dependent entireh' on the spatial diver- 
sity, which may not be available under all deployment and channel circurnstances.. Examples 
of these are.obtained from. de-stacking the r^te l/L convolution codes- (-BPSK) and (QPSK). 

Multi-level code .constructions with multi-stage, decoding also follow, the design criteria 
of the . present, invention.. Since, binary . decisions are made at each level,. -the BPSK design 
. rnetho.dolpgy .qf the present invention applies. For 8-PSK, the binary rank criteria developed 
for BPSK and QPSK. cases also-.apply for -the special case of jL .= ,2 antennas; This allows 
J more sophisticated X. = . 2 designs for PSK than is currently conrimercially/.available.; 
. The design, of. spacertime codes in accordance; with the pjejsent , invention will .now be 
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described. In Se'ciion 1. bin'ary rank criteria for BPSIv and QPSK-modulatcd space-time 
codes arc- discussed wliich arc selected in accordance with the* jircsent invent ion. Sections 
2 arid- 3 expand -on' 'the* use of these criteria to clevelop comprehensive design criteria in 
accordance with the present invention. In Section 2. new furidahnchtal constructions for 
' BPSIV modulation -are provided in accordance with -the* ptes'ent' inVention that encompass 
such special cases as transmit delay diversity schemes, rate \/L convolutional codes, and 
•certain concatenated coding schefrfes." The* generiil' problem of fo'rm'atting existing binary 
codes irito'full-divcrsity space-time code's is also'discussfed; Specific space-time block codes 
of rate -l for-L = 2 and-Z;' = 3-antennas are'^given' that 'provide? coding 'gain, as \vell as' 
achieve full spatial diversity. In Section 3, Z^' analbgs of the 'binar\' theory' are proviBed in 
accordance with the presentMnvention. 'It^s arsb-shownUhat-fur diversity BPSK designs litt 
to full; diversity QPSK designs.- In Section 4*, the'existing body' af spac^-time trellis codes^'is 
shown to fit within the code design criteria of the present inventiori^ Exterisioh of this design 
criteria to tifnt?- varying channels isdisciissed in Sectrori 5; wh'idh describes 'how ifiulti-stackir^^ 
constructions in accordance with the* present invention prbvid'e cl' 'general class 6 if "smart- 
greedy" space-time codes for such channels.' Finally, Section 6 drscus^ses ■the apjjlicabilily'^f 
the binary rank criteria to multi-level constriictiorfs for hi'gh'ef-ord'cr' constellations. ' ' - 

1 Binary Rank''Criteri-a for Space-Time Codes " ' * " ' :.::''..:: :. .'. :*' 

The design of- space-time codes -is hampered by £he-'f^cVlliar'the'i'a*ni; 'cfiten^ 
to the complex- valued differences bet\veen the baseband^' versions' of the code words. It is 
not easy' to transfer this' design criterion into the "binary 'domain wK^r^ the prol)iem bf'code 
design is relatively well understood*. Iri'sectionr l^' geherar binary design Xriteiria a're'proVided 
that are suffici-ent to gua'rant'ee that a space-time code'athifeves'faTr spatial' diversity:* 

In the rank criterion for space-^time codes, the sign* of lhG'difrerehcds'b'etw*een'rnbdulat' 
code word symbols is^important. On the other 'hkntf, iVi's diFRculv to see hb\v' to preserve 
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that information in the binary domain. In accordance with the present invention, what can 
be said iji ihc absence of such specific structural knowledge is investigated by introducing 
the following definition. 



Definition 2. Two complex ^-matrices Vi Qnd T2 is said to be u:'- equivaleht i/r/ can be trans- 
formed- into Tj: by. mxiiiiphjing any •number of entries ofvi by'poxrers of the complex' number 



Interest primiarily lies in the ^'-equivalence of matrices when is a generator for the 
signalling constellation O. Since BPSK and.QPSK arc of particular. interest, .the following 
special notation is introduced: 

BPSK (cc? = —1): " n = r2 denotes that ri and T2 are (— l)-equivalent. 
, ' QPSK {uj'=ii = ' ri.= r2^denotes;that ri and r2 are z-equivalent. ' 

Using this notion, biriary rank criteria for space-time codes are derived that depend only 
on the unmodulated code words themselves. The binary rank criterion provides a complete 
characterization for BPSK-rnodulated codes (under the assumption of Jack* of knowledge 
regarding signs in the baseband differences). It provides a highly effective characterization 
for QPSK-rnodulated codes ,tha^^^^^^ provides- a fertile .new framework 

for space-time code design. 

The BPSK and QPSK binary rank criteria simplify the problem of code design and the 
verification th.at.ful1 :spatial '.diversity is ' achieved. - They* apply to" bbth' trellis and block . 
codes and for arbitrary-numbers of ^transmit antennas. In 'a sense, these results show that 
the problem. of achieving full spatial diversity is relatively easy. - Within the large class of 
space-time codes satisfying the binary rank criteria, code design is .reduced to the problem 
of product distance or coding advantage optimization. 

1.1 BPSK-Moduiated Cndp*^ " ' ' ' ' 
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For BPSK modulation, the "natural discrete alphabei is the field F = {0.1} of integers 
modulo 2. Modulation is performed by mapping the symbol ,r E F to the constellation 
point ^ = /(.t) € {-1,1} according to the rule = (-1)''. Note that it is possible for 
the modulation format to include an ^arbitrary phase; offset- ,6-'': : since a. uniform rotation of 
the constellation will not affect the rank of the matrices,- /(c) - /(e:) nor the eigenvalues of 
the matrices A = (/(c) - /(e))(/(c) - /(e))". Notationally, the circled operator © is used 
to distinguish modulo 2 addition from real- or complex- valued ( + ,— ) operations. It will 
sometihies be convenient to identify the binary digits 0. 1 G F with the complex numbers 
0.1 g C. This is done herein without special commeni or notation. 

Theorem 3 Let C be a linear L x n space-iime code with n > L. Suppose ihai every non- 
zero binary^cojde word c ^E C has the property- -ihal-cv try renLmairiic {-^ly equivalent to c is 
of full rank L. Then, for BPSK transrnissiqn, C saiisfi^^ the^$pace-iime. rank- criterion 
achieves full spatial diversity L, . , ' 

Proof: It is enough' to note that [f-'l)^» (-^ l)^^]/2 = di © ' ' ' O 

It turns out that ( — l)-equi valence 'ha^ a" simple* binary The following 

lemma is used. '"^ 

Lemma 4 Let M be a matrix of integers,. Then the mairix cqua'tion .^'lx — 0 has riok-irivial 
real solutions if and only if it has a non-trivial integral :solutidn .x :=:[di^ d2, . . , di] in ibhich 
the integers, di,d2y^ ^di are jointly relatively :prirne—that\. is, \'^gcd{dci^d2^^^ ' ' 

Proof : Applying Gaiissian elimination to the matrix NI yields a canonical form in which 
all entries are rational. Hence, the null space of M has a basis' consisting of rational vectors. 
By multiplying and dividing by appropriate integer constants, any rational solution can be 
transformed into an integral solution of the desired form. 
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Theorem 5 The L-x 7?, (n > ':b). binary matrix c — [ Ci • c/^ j'^ has full'- rank L 

over the binary Jicld F if and only if c eery real matrix r — [ r^ /"o' •'■'■fi J"^ that /o.- 1)- 
equivalcni to c Aa5 /i/// ranA' L over the real field R. 

Proof: Suppose that r is not of full rank over R. Then there exist real.ai, 02, - . - , oi, 

not all zero, for which Qi7"i -f 027=2 + • • - + Qx^L = 0. By the lemma, q, are assumed to be 
integers and jointly relatively prime. Given the assumption on r and c, f,- = c, (mod 2). 
Therefore, reducing the integral equation modulo 2 produces a binary linear combination of 
the Ci that sums to zero. Since the Q{ are not all divisible by 2, the binary linear combination 
is non-trivial. Hence, c is not of full rank over F. 

(^) Suppose that c is not of full rank over F. Then there are rows c,, ,Ci2,... , c,^ such 
that cvj © c,'2 ® • • • @ Ci^ = 0. Each column of c therefore contains an even number. .of ones 
among these ly rows. Hence, the -f and — signs in each column can be modified to produce 
a real-valued summation of these i/ rows that is equal to zero. This modification produces a 
real- valued matrix that is ( — l)-equivaleht to e but' is not of full rank. 

The binary criterion for the design and selection of linear spacertime codes in accordance 
with the present invention now follows. ^ . , 

Theorem 6 (Binary Rank Criterion) LetC be a linearXx n space-time code with n > L. 
Suppose thai every non-zero binary code word c £ C is a matrix of full rank over the binary 
field F. Then, for BPSK transmission, the space-time code C achieves full spatial diversity L, 

The binary rank criterion makes it possible to develop algebraic code designs for which 
full spatial diversity can be achieved without resorting to time consuming and detailed 
verification. Although the binary rank criterion and of the present invention associated 
theorems ^re stated for linear codes, it is clear from the proofs that they work in general, 
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even' if tlie code is nonlinear, when the resulis are applied lo the modulo ^-differences between 
code words instead of ihe code words, ilicmselves. • : \ • - ■ 



1.2 QPSK-Modulated Codes 

For QPSK modulation, the natural discrete alphabet is the ring Z4 = {0, ±1, 2} of integers 
modulo 4. Modulation is performed by nfiapping the symbol r G to the constellation 
point s G {±l,±z} according to the rule 5 = where i = \/— 1. Again, the absolute phase 
reference of the QPSK constcllation'can be chosen arbitrarily without affecting the diversity 



advantage or coding advantage of a Z^-valued space-time code. N'otationally. subscripts are 
used to distinguish modi 
valued (+, — ) operations. 

For the Z4- valued 
satisfy the expansion 



used to distinguish modulo 4 operations (©^,©.1) from binary (©) and real- or complex- 
Fof the Z4-valued matrix c, the binary component matrices a(c) and ^(c) are defined to 



Thus, ;3(c) is the modulo 2 projection of c and q(c) = [c ©4 /?(c)]/2. 

The following special matrices are now introduced which are useful in the analysis of 
QPSK-modulated space-time codes: 

(1) Complex-valued" C(c) = r -fiy^(c); arid ^* v-'^- ^- '-" - --^ k-.. . 

(2) Binary-valued indicant projections: E(c) and 4^(0). ... . . 

The indicant projections are defined based on a partitioning of c into two parts, according to 
whether the rows (or columns) are or are not multiples of two, and serve to indicate certain 
aspects of the binary structure of the Z4 matrix in which multiples of two are ignored. 

A ^4-valued matrix c of dimension Z x n is of type 1^2^"^ x l'"2"~'" if it consists of exactly 
C rows and m columns that are not multiples of two. It is of standard type 1^2^"^ x 1^2"""* 
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. if.it is of type V2^~^ x" i'"2''"'" and the first ^ rows and first- columns in particular are not 
nuihiplesof two. When thc-coluinn (row) structure'of a niatrix is not of particular ■iniercsi . 
the matrix is of row type 1^ x 2^"- (column type 1""^ x 2''"'^) or, more specifically, standard 
row (column) type. 

Let c be a ZVvalued -mMlrix; bf type" 1^2^"^ -x -1^2''~^ . Then,' -after suitable row and 
column permutations if necessary, it has the following row and column structure: 



Co 



c = 



2c; 



2c; 



^+1 



/+2 



= [7.7 hi 



2h^ ] 



Then the row-based indicant projection (--projection) is defined as 



/3(c',+,) 



and the column-based indicant projection (^'-projection) is defined as 

Note that , . -. , . . . . 

[«'(c)]'^ = E(cT)., ,. , . . . , , 

The first result shows that the baseband difference of two QPSK-modulated code words 
is directly, related to the Z^-difference of the unmodulated code words. 
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Proposition 7 Let C ht aZ^ spa^ce-iime^ code,^ Forx, y G C.Jei — iY denote the baseband 
d iff ere n cc of the corrc-'i pond i n g QPSK- in od u In led s ig n a Is . Then , . - , 

" ' ■ ' ■ * i"" - = C(x y). 

Furihermort^ any complex matrix z = r is that is {^l)',egMivalent'to z.^—z^ has.tke property 
that . . - . . , • . ' .*. T . 

r = s = /?(x 04 y ) = X © y {mod 2), 



Proof : Any component of 7^ — can be .written ^as . 

' • . • • * ' • 

where 6 = x Q4 y. Since 



l-i'=^< 



1 = (i.^+i), 5 = 1 

2, ; ; 6 = 2 

[ 1 + i = (-1 -f 0, 6 = -1, 



the entr}' — can be turned into: the^complex nurnber (x G4 y) + ^(^ © v) by multiplying 
by ±1 or ±1 as necessary. Thus, ' 

z'^ - i^ = (x ©4 y )-.+-.z'(5^ © y ) = C(x ©4 y ), 
claimed. - - *. .j .. .. .-.^ ..... .c 

For ( — l)-equivalence, multiplication by db? is not allowed. U.nder lhis_restriction, it is no 
longer possible to separate z into the terms x ©4 y and x © y so cleanly; the discrepancies, 
however, amount to additions of multiples of 2. Hence, if z = r + zs = ?^ — z^', then 
r = x ©4 y (mod 2) and s = x © y (mod 2). • ^ ' 
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: Theorem 8 ^Lci C be a linear, L x n (n > L) spacc-iimc code- over X.i. Suppose that every 
non-zrvn codtword c e C Jia.^ iltc propcrfij fhai vvery complex tnntrix' i •Vnuivalc ni To C(c) i.^ 
of full rank L, ThciUrforQPSK transmission, C satisfies the space-time rank criterion and 
achieves full spatial diversity L. 

- •Proof:' SinceC islinear: the'^^^ any two code words is'also'a code word. 

The result- then foltows imrnediately frorn the previous proposition. • ' 

The indicant projections. of the -valued ma[trix c provide a significant amount of in- 
formation regarding the singularity -of C(cJ and any of its r-equivalents. Thus, the indicants 
provide the basis for our binary rank criterion for QPSK-moduEted spaceHime codes. 

Theorem 9 Lei c =^ [ ci • • ]^ be an 'L^-valued matrix of dimension L x n, (n > 

L). If the row-based indicant E(c) or the column-based indicant <i{c) has full rank L over 
F, then every complex matrix z thai is i^equivalcnt to Ctp) has full rank L over the complex 



Proof: Proof for the row-based indicant will now be provided. ^„ The proof for the 
column-based indicant is similar. 

By rearranging the rows of c if ^ecessary, any row that is a multiple of 2 can be assumed 
to appear as one of the last rows of the matrix. Thus, there is an C for which 0{ci) 0 
_ whenever 1 < ? and /3{ci) = 0 for ^ < i < L- The first C rows is called the 1-part of c: 
the last L — £ rows is called the 2-part. 

Suppose that 



z = 













f2 + iS2 
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. is sing.ular.and is /-equivalent ,lo (^(c). Then there exist complex numbers d = ay^ibuOo = 
(12 + il>>' . . . ,0/, = (//, -r //v.- jioi ail zcro: for which \ , 

1=1 . 1=1 

Without loss of generality, the G{,6,- are assumed to be integers having greatest common 
. divisor equal to 1. Hence, there is a nonemptv set ot^i^Qefficicn or im.aginary 

part an odd integer. The. coefficient o, . is sai-d -to-be (61^:^:: or: v/hether* two 
is or is not a common factor of a, and i,. It is said to be of homogeneous parity if a, and bi 
■ are of, the same parity; otherwise, .it is saidao be.cJr heterogeneous parity. - > " 

There are: now several cases to; considcn bas,ed Oji the. nature of;, the coefficients applied to 
ther 1-part, and .2-paEt of z., ■ * ..i-t: •■^ : i'^:;- ::. • i 

Case (z): There is an odd coefficient of heterogeneous parity applied to the 1-part of z. 
In this case, taking the projection of (S) modulo 2, 

since /?(f,) = I3{si) = /3{ci) by the proposition. By assumption, at least one of Ihe'blnary 

. coefficients /i9(a,) © 0{bi) is nonzero. Hence, this is a non-trivial linear combination of the 

. _';■: *'.■-.' ■^:.;,;* J^-^:>- "Ct -.. ' m': 1 
first ^ rows of ^(c), and so —(c) is not of full rank over 

Case (u'): All of the nonzero coefficients applied to the 1-part of z are homogeneous and 

at least one is odd; all of the coefficients applied to the 2-part of z are homogeneous (odd or 

even) . 

In this case, equation (S) is multiplied by a' /2 = (a - ib)/2, where q= a -f ib is one 
of the coefficients applied to the 1-part of z having a and b both odd. Note that q"q. is 
even if q,- is homogeneous (odd or even) and is odd homogeneous if a, is heterogeneous. 
Hence, this produces a new linear combination, all' coefficients of which still have integral 
real and imaginary parts. In this linear combination, one" of the new coefficients is \ a |*/2 = 
{a^ 4- 6^)/2, which is an odd integer. The argument of case (2) now applies. 
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Case (?V?): A11 of-tlic'iionzero coeffi'cicnis applied'to the l-part of z arc homogeneous and 
at loa-i one is odd: 1 here i.s ;i helerogcneouri coefficient api>lied lo the 2-pari of z. 
' " hrtliis ca^e. normalizaiioii -occurs "as in' case- using^ohe of the odd lionVogeneous 
coefficients from tlic l-parl of z. say q = a'-^ zb. Thus, normalization produ'ces llie equation 

Qi^i + • • • + d;=^ + d^+if^+i + • ' • -f Qxf^ = 0, (9) 

where a, = a"Q,/2 for i < C and. a,-. = ,o"q,-. for z > ^. . , . 

Taking the projection modulo 2 of the real (or imaginary) part of equation (9) yields 

. - - For i > ^ + I, it is true :thaa-^(ff) c- = 2c[ is tire z-th row of c. 

By assumption, there is'a nbhzerb coefficieM-iri ea:ch of the three component sumsf Hence. 
equation (9) establishes. a nontrivial linear combination, of the rows of E(c). 

Case {iv): All of the coefHcients applied to the. l-part of z are even, and at least one of 
the coefficierits^applied to the 2.-part of z is heterogeneous. 

In this case, equation (S) is divided by^tv/o to get the. modified dependence relation 

aifi + + Q^ff -Fa^+if^^i + ••- + axr;^ == 0, . (10) 

. where Q J. = a,/2. arid f • = f,/2,, Projectiiig, modiilo.2 giA-es two indepe^ 

corresponding ,to, the real, and imaginary parts, of equation -(10): - - : . ■ . 

i:[3{a'.) e mmci) & e /?(a.)^(r:) e i: /jcm.^ci;) = 

Setting these two equal gives 

IW^-l 
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whicli is a nontrivial linear combination of the rows J(cl) .= ..i(?"J) S ^(^'). for ? > ^ -f 1. of 
^(c). • .. ... .., .. .. 

Case (r): All of the co.cfficcnis applied to tbc 1-part of z are even, and all.pf the coefficients 
applied to the two part of z are homogeneous. „ . . ■ , . > I . • . • ' • * 

In -this case, equation (10) is first used after dividing by two. Recalling that at least one 
of the coefficients Qr+i,...,a£, is odd, the modulo 2 projection of equation (IQ) is taken to 
get (from cither the real or imaginary parts) the eq'uatiolh 

. t. L- ■ - ■■■■■ 

Yim^'i) e /?(i:)]/9(c,) e i: pia^mf',) s i3{s',)] = o. 

This is once again a. nontrivial linear combination of the rows of Hr(c). 

The binary rank criterion for QPSIv spacertime-^codes T>n.'.aeeorda^ with ^ the pxesent. 
invention .now follows as an. irnmediate conse^juence . of Ihe previous ^t>y6;t,^^^ *: - '^c. 

Theorem 10 (QPSK Binary Rank Criterion I) Let C be a linear Lxn space-time' code 
over Z4, with n > L, Suppose tlidtj for every non-zero c € C, the row-based indicant H(c) 
or the column-based indicant ^{c) ' has full rank L' over ¥ . Then, for QPSK transmission, 
the space-time' codt C achieves full spatial diversity L. 

In certain space-time code constructions, there may be no code word matrices having 
■ isolated rows or columns that' are rriultiples' bf tw6.' 'FGr'exampile7it'*is possible fot the entire 
code word to be a multiple'of two. in this case, the following binary rank criterion is simpler 
yet sufficient. ' ' : • . ;v \ ' >" ■* 

Theorem 11 (QPSK Binary Rank Criterion II,) Lc/,(7 be a ,unear'"L x n space-time 
code over with n > L: Suppbse that, for every non-zero c £ C, the binary matrix 5(c) is 
of full rank over F whenever 0{c) ^ 0, and /3{c/2) is of full rank over F otherwise. Tlien, 
for QPSK transmission, the space-time code C achieves'^ full spatial diversity L, 
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Proof: Under the specified assumptions, either z,{c) = ;^{c) or 'zi(c)' = 'J(c/2):-depcndin2 
on wild her 3(c) = 0 or not. 

-The QPSK binary rank criterion is a powerful tbbl in the design and analysis of QPSK- 
modulated space-time codes. ' - " - • — • ' "-^ 

2 Tlieory of BPSK Space-Time ^Gedes- - - • ^ ^ ■ • . : 



2.1 Stacking Construction 

; .-\ genx^ral construction -for ^Z,^- x ?;"^pacc.tinie codes tliat achieve full spatial div6rsiiy is 
given by the following theorem. • ' 

Theorern 12 (Stacking Constr:uction) Lei TuT2, . . .,Tl be linear vector-space transfer- 
maiions from ¥^ into W"^ , jind let C be the L x n space-time code of dimension k consisting 
of the code word matrices 

. ... ' I7\(^) 

: : - . ■ :. / . ..v...;.: .::. Lzi.(x) J 
wherp X denotes an ..arbiirar^y k-tpple .of information bits and n >. L. ,T/ien C satisfies the 
binary rank criierionj^ and-thuf^ achieves full. .spatial diversity L, -if, and only if Ti, Ts;:- Tl 
have the property that > : 

T = CiTi 0 a2T2 S • • ■ S cllTi is nonsingular unless = 02 = = = 0. 

F^po^y: ;(==^):S.uppose-C:.satisfiQs;rt-be .binary, rank criterion: but tliat T == a\KrvBa7T2 B - • ir 
.<izJx is. sijig^iaT'for some a'u 02,;.-';, , g/^'G F. -Then there: is a non-zero* -5b: 6- ff^^'' ^such thai 
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T{xo) = 0. In ih-js case.^ • '•' • . ■ ^- ' 

T{xo) - ill - Ti{jo) -3 (1-2 ' T2{±o) ^ ' " -z: cii ■ TlIxq) ~ 0 

is. a dependent linear combination of .the rpws of c(..fo) G C Since C. satisfies the; binary rank 
criterion, ai = a2 = • • • = = 0. ... • : '.•.*:.■ , 

{<?=) Suppose Ti, T2, . . . ,Ti have the stated property but that c(.to) € C is not of full rank. 
Then there exist ai,a2r ^ not all zero, for< wkicb.r; • [ • ' 

T{xo) = • Ti(xo) © «2 * T2{xo) S"' '^cii • Ti{xo) = 0. 

wheere T"— aiTi © o * * * -5- Q.lTl- By hypothesis,. T.is nopsingular;.hehce,rxo =. 0 and 

c = 0. rr-^-'-c: i: v:-v ■ 

The vector-space transformations of the general stacking construction can be implemented 
as binary k x n matrices. In this case, the spatial diversity achieved by the space-time code 
does not depend on the choice of basis used to derive the matrices, ^ 

A heuristic explanation of the constraints imposed on the stacking construction v/ill now 
be provided. In order to achieve spatial diversity L bn a flat Rayleigh fading channel, the 
receiver is expected to be able to recover from the simultaneous fading of any Z — 1 spatial 
channels and therefore be able to extract thd 'ihfotm'afcidn Vector' x frOni any' single, uhfaded 
spatial channel (at lea^t at high enough sigrial-to- noise Vitib): T?h^is requires that each matrix 
M,- be invertible. That each linear combination of the M,- must also Be inve'rtible follows 
from similar reasoning and the fact that the transmitted symbols..are effectively summed by 
the channel. 

The use of transmit delay diversity provides an example of the stacking construction. In 
this scheme,; the transmission from antenna i is •a«one'-'s]£rnibo3>*delayed>;r'epiica of th'e'trans- 
missipn ffdrn antenna ?>- 1. Let:G* be a linear :[n, Ar] binar^vcode with' (nonsihgular) -generator 
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matrix G, and consider the delay diversity scheme in which code word c = .fG is repeated on 
each transmit antenna Vviili the prescribed (lela\-. Tlie re-iilt is a space-time code-achicving 
full spatial diversity. . ^. ■ . ■ • . . ' ' - • 

Theorem 13 Lti C be the L x (71 L — \ ) spacc-iime code produced by applying iht stackiiKj 
construciion to ihe'mdirices ' ' 

Ml = [ G 0,x(^_,) ] = [ 0,.>,a G 0,x{z.-2) ]:.... Ml =[ 0,x(L-,) G], 

where 0,xj denotes the all-zero matrix consisting of i rows'and j columns and G is the 
generator matrix of n linear [ri^k] binary code. 'Then C achieves full spatial diversity L, 

Proof: In this construction, any Hnear combination of the has the same column space 
as that of G and thus is of full rank k. Hence, the stacking construction constraints are 
satisfied, and the space-time code C achieves full spatial diversity L, 

A more sophisticated example of the stacking construction is given by the class of binary 
convdlutional codes. Let C be the'binary, rate l/Z. convolutional code having transfer 
function matrix " 

The. nqtur.al space- time cod.e C.^assqciaied with C is defined to consist, of the. code word 
matrices. c(£)) ==. G'^(£).)x(jD)., where the. polynomial x(I)) represents the input information 
bit stream. In other words, for the natural space-time code, the natur.al transmission format 
is used in which the output coded bits corresponding to gi{x) are transmitted via antenna 
The trellis codes are assumed to* be terminated by tail bits. Thus,' if a:(Z)) is" restricted 
^ to a' block of -V information' bits, tlieh' C is an L x (,V -f i/) spWe-tihie code/ 'where'V === 
■■ ma:xV<i<i,{*degp,-('x)l is the' maximal memory order of th'e cohvolutidhal code C. 
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Theorem 14 The na/ural spacc-iinic code C associated with. the rate \/L convolulioual code 
C saiisfics the Ijiiiarij nink rviit.vion. and ihtt'^ achierts full ^-juitial (lirt.t\^ily L for BI^SK 
transmission, if and only if the transfer finiciion matrix G{D) of C lias full 'rank L as a 
mairij of coefficients over F. 

Proof: Let g,{D) = g^o g^iD ^ g,2D^ - - giuD"" , where z = L2,,..,L, Jhen.. the result 
follows from the stacking construction applied to the generator matrices 

■ r gio- gn • . . . gi^ 0 ... , -6'' 
M= ..' * ■ . ■ . 

L'-O ' 'O-'gio g^y'''^ giu ] *' • * •* • ^ 

each of which is of dimension A' x (yV + 

Alternately, Theorem 14 is proven by observing that ^ a{gi{D)x{D) = 0 foj some 
x{D) 0 iff ]^ o.igi{D) = 0. This proof readily generalizes to recursive convolutional 

l<i<L 

codes. . , . : - - . 

Since the coefficients of G(D) form a binarv matrix of dimension L x (/y + I) and the 
column rank musi be equal to the row rank, the theorem provides a simple bound as. to how 
complex the convolutional code must be in order to satisfy the binary rank criterion. It has 
been showed that the bound' is necessary for the trellis co'de to 'archie ve full spatial diversity. 

CorollaryTS' /n order ' for the 'corresponding naiurht spCLCe'tiirie 'code to' '^aiisfy'the binary 
■rank criitrion for spatial' diversity ^'L ^ a' rate \ fL convbluiional 'code C rriusi^hdvt rhaximal 
memory order u > L'^ \ . ' - ■ - r . . . 

Standard.. C9ding theory provides exterisiye tables of binary convohitjonal. podes that 
achieve optimal values of free distance f/frce- ..-Mthough these codes ,are^ widelv used in con- 
ventional systems, the fprrnatting- of them for use eis space-time codes has ,not:,been 
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previously. A significant aspect of tlic current invention is the separation of the channel code 
from llie s])atial furnialling and modulation functions so that conventional clianncl codes 
can be adapted through uscrof. the binary rank' criteria of the present invention to space-time 
communication systems. In Table L many optimal rale Ij L convolutional codes are listed 
whose natural space-time formatting in accordance wilh the present invention achieves full 
spatial diversity L. , The table covers the range pf constraint lengths = 2 through 10 for 
L = 2, 3, 4 and constraint lengths :/ = 2 through 8-f6f*L = 5, 6, 7, S. Thus. Table I provides a 
substantial set of exemplary space-time codes of practical complexity and performance that 
are well-suited for wireless' commiiiircM^ '~ " 

There are some gaps in Table I where the convolutional code with optimal cZfree is not 
suitable as a space-time code. It is straightforward; however, to find many convolutional 
codes with near-optimal df„e that satisfy the. stacking^ construction of the present invention. 
In the table, the^maillest code achieving ^ulljspatjal diversity L has i/ — L rather than 
= L — I. This is because every optimal • convolutional code- under consideration for the 
table has all of its connection polynorpiafs: of the form'^,(Z?) = i -f . . . ^- Jj^-^ hence, the 
first and last columns 6[]G(D) are identical (all:dnes)., so an additional column is needed to 
achieve rank L. Other eonvolutio^^^^ ^vith = L — 1 could 

also be found using the techniques of the present, invention. 
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Table I. Binary Rale l/I- Convoliitional Codes with Optimal dfrm 
whose Natural Space-Time Codes Acliieve Full'Spaiial Diversity 



L 




' Connectioir Polynomials • 


'/free 


2 


o 


5 7 


5 




' 3 
•J 


64, 74 • . - ^ 


6^' '' 




4. 


46^ 72 . - : ".V 


. ,7 . 




5 


65, 57 


8 




V ' 


554\ 744 * ■ - 


- 10 




( 


712, .476 


. 10 






561 , 753 ~ 


12 " 




9 * 


4734 66'^4 . 


■:.i2.. . 




10 


4672, 7542 


14 


•_> 


•J 




••4'0 ■ 




4 


52, 66, 7C . . 


12 




5 


47, 53,' 75 '"■ ' 


'■ 13 




.6.. 


, 55.4,-624:,/764_:s .j J ; . - 


- i S-.i 




7 


452, 662, 756" 


16 




-8.. 


557,-663i'711'' --^ 


.-is-' 




9. 


.4474, 5724, 71.54..,, . 


,20 




Id 


'4726, 556'i 6372 


■ 22 ' 




4 ; 


: 52-,-56.i 66,:.76,/:,i,co vr.'s 






5 


53, 67, 71, 75 


18 




'7 


■472; 572, "626, '735-' " • • •• ■• 


•'^22"- 




S 


463,. 535, 733, J45^:,, _ . , 


" 24 .. 




9 


'447^^5724; 7lo4,"7254' ' ' ' ' 


'''27 ■ 




:10 • 


4656, '47.26, ,5.5j62,-:637:2' ;: I:.': 


.•.29v:, 


5 


5 


75, 71, 73, 65, 57 


22 




7' 


' 536V-46er,'^'646 j 562,' 736^ ' " • ' 


-2S-" 



In the stacking construction, the information vector x is the same for all transmit antennas. 
This is necessary to ensure full rank in general. For example, if Ti{¥^) H T2{¥^) {0}, then 
the space-time code consisting of the matrices 



T2{y) 



cannot achieve full spatial diversity even if Ti and satisfy the stacking construction con- 
straints. In this case, choosing x,y so that Ti{x) = T2{y) 7^ 0 produces a code word matrix 
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having two identical rows.' One consequence of this fact is that' llie natural spnce-iime codes 
'associate-d with non- caiastropliic coiiVolut ional. codes of rate h/ L with k > 1 do not achieve 
'full spatial diversity.' ■■ [ ■ ' * • ' ■ ■■ • ■.' 

•'The naturarspace-tinYc cycles \-\ssociated with ''certain Turbo codes iliustrate'a' similar 
failure mechanism. In the case of a systematic, rate 1/3 turbo code with two identical 
constituent encoders, the all-one input produces an output space-time code word having two 
identical rows; / ^ . - . :.• 

2:2 X'cw Space-Time 'Codes from Olcl - . - - ^ . ^ 

Transformations oT space-time co&^^ ' • ' 

Th^prem.^16 Let C k^^^n^L.x rn-.spac^^^^^ rank criierlqu, Given 

the linear vector'SpaQe iransf^^^ : F^. -r^ F^, a new L x n space-time, code T(C) is 

constructed cp^nsisting .Qf allxpde tcovd matrices - . . . , . 



T(c) = 



Tic,) ■ 



.iL-here c = [ ci ' ci 5 •.' I ct ■] - 6 C.- ■ then; -if T is nonsingul'iLf; t(C) satisfies the binary rank 
criterion and, for BPSK transmission, achieves full spatial diversity L. ' " ' 

Proof: Let c; c' € and- consider ■ihe 'diflTerence T(c) 6 T(c')' = f{Acj. wlicre Ac = 
cec'=[Aci Ac2 •-. Aci, ]^ 7^ 0. Suppose-' ■ "' 



fl,r(Aci) eG2T(Ac2^e.••■eaL^(AcL) = o. 

Then r(Ac) = 0 where Ac = n, Ac, 80:2 Aczt- • — al Acl- Since T is nonsingular, Ac = 0. 
But since C satisfies the binary rank criterion, a, = = • • • = fii, = 0. 
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Column transpositions applied uniformly to all code words in C. for.exainpic, do.n.oi aiToci 
the si>aiial diversity of the code. .A more interesting interpretation of the theorem is provided 
by the concatenated coding scheme of Figure 4 in which T is a simple differential encoder or 
a traditional [77. m] error control code, that serves as, a common inner code, for each spatial 
transmission. . ^ - ^--^ 

Given two full-diversity space-time codes that satisfy, the binar;y jank criterion, they, are 
combined into larger space-time codes that also achieve full spatial diversity. Let A- be 
a linear L x space-time code, and let 5 be a linear L x ns space-time code, where 
L < min{T?A, 77b}. Their concatenation is the L x .(n^ + 7?b) space-time code Ci ='|^jB| 
consisting of all code word matrices of the form c =;= J a | b j, where -a €_.^, b. 6, S... . 

A better construction is the space-time code C2 = | >t | -4 © 5 | consisting of the code .word 
matrices c = ['a|'a©b |, where a G'vt/b €'S/ (Zero paddm^^ to fierfbrm the addition 

ifn'A 7^ neO'Thus C2 is an L x '(rtA + m*ax{nx, hb}) space-time code. " - 

The following proposition illustrates the full spatial diversity of these 'Cbdes.' ' ^ 

Theorem 17 The space-time codes Ci * | >l | 5 | and C2 = M | >^ © S | satisfy the binary 
rank criterion if and only if the space'time_cddes A and B do. 

As an application of. the theorem, codes -jDuilt ^iccording to the stacking construction can also 
be "de-stacked." . r.^ - v/. • , • ' ...rr v.. . 

Theorem 18 (De-stacking Construction) I,ct C, be the Lx n -space-time: code of dimen- 
sion k consisting of the code word matrices ,1 ; 1 " ' * . 

c = 
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■where M] , M-2, . . . , M/. .satisfy iJic stacking construct ion. _LM 
of' L. Then ill c 'codt C\ con.yi-^l ing' of cade ii-ord tnaincts ' ' 



C •= 



is an L/p X space-time code of dimension pk that achieves full diversity L/p. Setting 
x\ = X2 = • * * = = X produces an L/p x p7i space-time code of dimension k that achieves 
full diversity. 

More generally, the following construction is provided in accordance with the present inven- 
tion. 

Theorem 19 (Multi-stacking Construction) Lei M = {Mi, M2, . . . , M^,} be a set of 
binary matrices of dimension k n > kj that satisfy the stacking construction constraints. 
For i = 1,2, ...,m, lei (Mi,, M2M • • - , M^,) be an (-tuple of distinct matrices from the set 
/A. Then, the space-time code C consisting of the code words 

xVMn' "^2Mi2 ' • x^Mi^" 



c = 



X1M21 .T2M22 



•TmM2m 



is an C X mn space-time code of dimension mk thai achieves full spatial diversity C. Setting 
= X2 = * • • = Xjn = ^ produces an C mn space-time code of dimension k thai achieves 
full spatial diversity. 

These modifications of an existing space-time code implicitly assume that the channel 
remains quasi-static over the potentially longer duration of the new, modified code words. 
' Even when this ifhphcit assum'ptidn'i's- not true arid the channel becomes riiore rapidly time- 
■ varying,' however, these' constructibhs are'sti of interest. In this case, the additional coding 
• 'Structure is useful fdr-*expl6itirig"'the^' tern as spatiaPdiversity available in the 

channel. Section 5 discusses this- aspect ■ ' ' 
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2.3 Space-Time Formaiting of Binary Codes 

Wheilicr existing "liinc-only" binary crror-corrcciing codes C* can be formaiicd iii a man- 
ner so as to produce a fuUidi versiiy space-lime' code C-' is now discussed, it turns out that 
the maximum achievable spatial diversity of a code is not onty' limited by ilic code's least 
weight code words but also by jts fnaximal weight-code words. 

Theorem 20 Let C he a linear binary code of, length n whose Hamming weight spectrum 
has minimum nonzero value d^nin <^^d maximum value c^^iax- Then, there is no BPSK trans- 
mission formal for which Ihc corresponding space-time code C achieves spatial diversity 

L > min{c/niin," - ^^max -f 1}. 

Proof : Let c be a code word of Hamming weight d = wi c. Then, in the baseband difFerehce 
matrix ( — 1)^ — ( — 1)°, between c and the all-zero code word 0, the value —2 appears d times 
and the value 0 appears n ~ d times. Thus, the rank can be no more than d, since"each 
independent row must have a nonzero entr}^ and can be no more than n — tZ-h 1 since there 
must not be two identical rows, containing only —2 entries. Therefore, the space-time code 
achieves spatial diversity at-mdst : i 

L < min{wt cv>2:— wtc -f L}^ — min{^riiin, 7i — ^/max + !}• 

This provides a general negative result useful in ruling out many classes of binary codes 
from consideration as space-time codes. 

Corollary 21. // C is a linear binary code containing the alUl code :wprd: then there "is no 
BPSK. transmission format for.yi'hich the corresponding spqce-ti we ^^eo achicvcs-spptial 
diversity L > 1. Hence, the following binary. codes., admit nQ[BPSK^ in 
which the corresponding space-time- code a chieues^spatiai diversity -L > 1%-. ^- v^,.''• 
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• Repetition codes " ' ' ....... 

• Rccd'Mullcr codes 

• Cyclic codes. 

As noted in the discussion of the stackirig construction, it is possible to achieve full spatial 
diversity using repetition codes in ajdclay; diversity transmission scheme. This does not 
contradict the corollary, hb\\;cver, .since the underlying binary code in such a scheme is not 
stncily speaking a repetition code 'but a'rcpetition code extended with extra zeros. 

2.4 Exemplary Special Cases ' '[ 

In this section, special cases of the ^eneril theory jfor two and three antenna systems are 
- .considered exploring altetnativ-e space-time tfansmissiorl^ formats and - Iheiir cbnr^edtions to 
:different partitibnings of the 'ge . 
'L'~ 2 Diversity: ' ^ ■■■--■^ ' ■ v- • 

Let G = [ I P j be a left-systematic generator matrix for a [2k, k] binary code C, where 
I is the k X k identity matrix. Each code word row vector c = { dj dp ) has first half a/ 
consisting of all the information bits and second half ap consisting of all the parity bits, 
where 

ap = S/P. 

Let C be the space-time code derived from C in which the information bits are transmitted on 
the first antenna and the parity bits are transmitted simultaneously on the second antenna. 
The space-fime cbde Word matrix correspondi^^^^ di' dp ) is given by ' 



c = 



a/ 

.Opz 



The following proposition follows immediately from the stacking construction* theorem. 
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Proposition 22 // flic binary matrices P n;u/ If-P arc of full rank over F. then the space- 
time code C achieves full L = 2 .spatial diversity. 

As a nonlrivial exami>lc of a new space-limc block code achieving 1 = 2 spatial diversity, it 
is noted that both 
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and I® P are nonsingular^:i9yer F.^.Hen.c?,: thie stackiagriQonstr spaGe-time 
code C achieving fulKX. :—* 2: spatial diversity. Tlveiunderlyiag ^biniary- code C,:\vrt4i" generator 
matrix G = [I|P], is an expurgated and punctured version of the Golay code.. ^sav'This is 
the first example of a space-time block code that achieves the highest possible bandwidth 
efRciency and provides coding gain as well as full spatial diversit3\ 

The following proposition sliows how to derive other L = 2 space-time codes from a given 
one. 

Proposition 23 // the binary matrix P satisfies the conditions of the above theorem, so do 
the binary matrices P^, P'^, and UPU~\ vjhere U is any change of basis matrix. 



The (g |a -f 6) constructions are now recpnsjdered .for :the -.special case^ L^^= 2.. Let :4 
and B be systematic binary [2k. k] codes with, minimum Hamming distances c/a and d^ and 
generator matrices Ga = [ I 1 and Gb'= J i Pb J, respectively. From the stacking 
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construction, tlie corresponding space-time co(les--4 and 5 liav'e'codc word inairices 



C.4 = 



«/Pa 



1 h 

6/Pb 



-The ia |fl e'6r-c6nstrucii6n procluces a binary flA-; code C with miniiTiuni Hamminj 
distance dc = min{2JA, c/b}. A nonsystematic generator matrix for C is given by 



Gc =^ 



',0::.r-G:B-^ 



I Pa I Pa 

0 0 T-Pb 



Applying the stacking construction vising 'tWle?! and right halves of Gc gives ^the space-time 
code C = \A\Ael3\ Theorem 22,iin wHiclr the code word matrices are of non-systematic 
form: 



cc = 



aj ' a/ © bi 
■ a/Px a/PX ©•^>/Pb 



• A''' systematic versiorl is now derived- in" accordance with the preseA't invention'.' " ' 

Proposition 24 Lei A and B be 2 x k space-time codes satisfying the binary rank criterion. 
Let C, be the 2 x 2k- space-time code consi:sting of the code word matrices 



c = 



. Q/Pa. "/Pa © ("/ e 6/)Pb J ■ 
Then C, also satisfies the bpmry rankjcriterion and achieves full. L = 2 spatial diversity. 

: Gaussian elimination, to Gc and reordering columns produces the 

systematic generator matrix , . - . 

• = [.l2/:x2t- Pc. ] , . 

where .. : 



Po = 



P'a: PaSPb: 

0 . Pb - 
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Note that Pc i? nonsingular s-incc Pa and Pb Arc both nonsingular. -.Likey/isc. 

^2kx2k "Er Pc 



i^Pa Pa-: Pb 

0 -I©Pb' 



is nonsingular since IP Pa and I&Pb ^i^.. The rest follows frona. the stacking construction. 



An alternate transmission ,formati:*for 2 x k space'-time codes is now considered. Let C be 
a linear, left-systcrnatic [2A%t) code with generatprjipa^^^ . \ ; 



G = 



L :0. Avi -A\i, 
0 I A21 A22 



where the submatrices I, 0, and A.j .are pf dimension k/2 x lc/2. In the new transmission 
format, the information vector is^divided' into t>vi> Mparts x\ and X2 which are transmitted 
across different antennas. Thus, the. corresponding , space-time code Ccpasists p.Lqod€„\yord 
matrices of the form 



Xi Pi 

±2 ''p2 



where 7^1 = xiAu 8 X2A21 and p2 = X1A12 6 X2A22. ^ | .„ 

For such codes, the following theorem gives sufficient conditions on the binary connection 
matrices to ensure full spatial 'diversity of the space-time xode.' 

Proposition 25 Lei AiV, A*2i, ind A'= Z^?^i(An Q Ai2) 'h'c noh-sihgular^jnatrices over F. 
Then the space-time code C achieves full L = 2 spatial diversity. 

Proof : The conditions follow immediately from tlie stacking construction theorem ap- 
plied to the matrices 



Ml 



I A„. 
0 A21 



M-2 = 



.39 



0 A:2 
-I A22 
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since.the sum M =.Mi S M2 may be reduced to the form 

' ' ^ M = 

by;Gaussian elimination/ ; -. : - \/. 



I All A12' 
0 , . A 



The conditions of the proposition are not difficult to satisfy. For example, "consider the 
linear 2x4 space- time code C whose code words 



c = 



•'^21 ^'22 P2\ P22 



are governed by the. parity check equations 



Pix ^12 ©3*21 ©X22 

'Pl2 ^'==^ Xx2 ©■■^22' • ' 

p2i Xii © X21 . 

' P22 = xn © a:i2 © X21. 



The underlying binary code .CJj.a-s a, generator rnatrix with ,submatrices 



A21 =, 



.0! 0; 

1... 1 ; 

r 0 ' 



A,2 = 

A22 =r 



1. 1 

0 1 

1 l 

0 



\vHich meet the requirfiirient's of" the prbpbsition. Hence, C achieves' 2-ievel spatial diversity. 
L = 3 Diversity. 

. Similar derivations. for X 3. antennas are straightforward. The following- example is 
interesting in .that it provides maximum possible bandwidth efficiency (rate 1 transmission) 
while attaining, full spatial diversity _fpr BPSK or QPSK mpdujat.ion. .The,space-time block 
codes derived from complex generalized orthogonal designs for Z > 2, on the other hand. 
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achieve full diversity only at a loss in bandwidth efficiency.. The problem of finding general- 
ized orthogonal designs of rates -greajler than 3/4 for L > 2 is a difiiculi problem. Further, 
rate 1 space-time block codes of short length can not be designed by using the general 
method of delay diversity. By contrast, the following rate 1 spacx;-*time block code for L = 3 
is derived b}' hand. 

„ Let C consist of the code: word matrices - : ^ • . ^ ' ' ■ 



c = 



»xMi: 

xM2 



where 





' 1 
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0 ■ 




" 0 








• 0' 


■ i •6 ' 


M, = 
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M2 = 
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M3 = 
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1 1 
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1 _ 
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. 1- 


0 , 
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0 1 



It is easily verified that Mi, M2, M3 satisfy the stabcking construction constraints. Thus, 
C is a 3 X 3 space-time code achieving full .spatial jdiversity (for QPSK as well as BPSK 
transmission). Since C admits a simple maximum likelihood decoder (code dimension is 
three), it can be used as a 3-diversity space-time applique for BPSK- or QPSK-modulated 
systems similar to the 2-di'versity orthogonal design'scheme.' ' ' ' ' :■ ■ ■ - — 

Similar examples for arbitrary L > 3 can also be easily .derived. For example, matrix 
Ml can be interpreted W the unit element in the Galois field GF{2^)\ M2 as the primitive' 
element in GF{2^) satisfying. = T-f a; and Ma.'asjts squafe a^. Since l,a,a^ are linearly 
independent over F, the BPSK stacking construction of the curr.ept, invention is satisfied. .Any 
set of linearly independent elements from GF{2'^) can be similarly expressed as a set of 3 x 3 
matrices satisfying the BPSK stacking construction and hence would provide other examples 
of L = 3 full spatial diversity space-time block* codes in accordance with the teachings of the 
present invention. This construction method extends to an arbitrary number L of transmit 
antennai'by 'selecting a set of L linearly ihdependent'''elementsTri'd'F(2^): 



•'iJ'.' ) I- 
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3 Theory of QPSK Space-Time Codes .. .. 

,. Due.to the ,bi,>ary rank. criterion developed for QPSK codes, the rich .theory developed in 
section 2 for BPSK-mpdulated space-time , codes, largely, carries pyer to, Q.PS.K modulation. 
Space-time codes for BPSK modulation are of fundamental importance in the theory of 
space-time codes for QPSK fnodulation. ' ■ ' ■ - ' 

. 3.I Stacking Constructions -; . . .. . ,^! . . 

The binary indicant projectigns allmv. the iundaniental stacking construction for BPSK- 
modulated space-time codes to be 'lifted" to the domain of QPSK-modulated space-time 

codes. ■ " - • ■ ■ ■ ■ ■ ■"■ ■ 

Theorem 26 Ie< Mi,M2, . . . , be Z^-valuedmxn matrices of standard row type l'2'"-^ 
having the property thai ' ; . ' ~f ..• . l ' .- : . 

Vai,a2,...,a/, € F; . • . ■ 

aiH(M,) e ajHCMa)' • • e'a£,E(Mi) w nonsingular ' ' ' 

unless a{ = =, ■ = ai, = 0. 

Let C be the Z, x n space-time code of size M = 2'+'" consisting of all matrices 

' (x y)Mi 
c(x,y)= . 

■ : ' i.{x u)Ml 

where {x y) denotes an arbitrary [indexing vector of -information symbols x e and y ^ 
F"-'. Then, for QPSK transmission; C satisfies the QPSK binary rank criterion and 
achieves full spatial diversity 'L: ' ' ' : " •. . . , .. - . . , 

Proof: Suppose that fer some xbVyo, not-,:bblh zero, the code word c(£o, yo)'has E-projection 
not of full rank over F. It must be shown that , the matrices M,- dp not have .the stated 
nonsingulcirity propert}'. 

?A2 
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Case (i): 0{xo) # 0. - _ ; " ' 

■If there are rows of c ilial arc muliiples of iwo. ihc failure of the M, lo saiisfy the 
nonsingularit'y properly is'casily seen. In this case, there is some row f of c for which 

0 = 0 ((xo yo)M() = {0{xo) OmMc).. ^ . , . . ^ , 

Hence, H(M<) is singular, establishing the desired result. 

Therefore, c is assumed to have no rows that are multiple} oi;t\TO,:.so >hat H(.c).;=;^ 
Then there e.xist'n,, 02,... va^ e lFs not kll-'zero, su^h'that ■■ - ' ' - 

0 = a,,i3(xoMi)eo2,5(ioM2)e ••• eaL)3(xoML) 
= /?(xo)(aiE(Mi)©a2H(M2)e---ea£,E(Mi)). 

Since /?(xo) # 0, a,E(Mi) © cjECMz) © • • • © az,E(ML) is singular,, as was to be sho>v.n...: , 
Case (n): /?(io) = 0. 

In this ceise, all of the rows of c .are multiples of two._Lettirig 

{2x'p yo)Mi 
{2x'o §o)M2 



c = 



where xj, € F', then 



{2x'o yo)ML . 



.(x;,yo)E(M,) 
(xj, yo)E(M2) 



.. H(.c) = 

^xi> yo)E(ML) J 

By hypothesis, there e.vist ai,a2,- • • € F, not all zero, sych th^t ■ . •. . • 
.... • ay ■ (x; yo)E(M,.) © • {$6 yo)5CMj).e.- • ©.QZ, : (Sb yo.)E(Mz:> = Q-r- 
Then a,E(Mi) © a2E(M2) © • • • © aLE(M£,) is singular as was to be shown. 
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- • . - In, summary, the stacking of 2,-valuecl matrices produces a QP^K-modulated space-time 
, code.achieving full spatial, divers.ty if-the stacking of.their E- project ions produces, a BPSK- 

. . podulated space-time code. achieving full. diversity. Thus, the binary constructions lift in a 
natural way. Analogs of the...tr.ansmit delay diversity construction, v^te 1/L convolufional 
code construction,: | A [Jk ^::fl-F.ponstruction,-. and .multi^stkckkig. construction all follow as 
immediate consequences of the QPSK stacking construction and, the' corresponding results 
for BPSK-modulated spacertime'codes. . . 

. .Theorem .27 Let C bejhe ^^.-yalucd, L x {n + L- 1) space-Urne code producciPijj^pplying 
the stacking construction to the matrices 

: : ; Mi,= ( .G- 0,,(^_,).,] ,,:M.:=^.|..0.:,i .. G.:-.0,,(^_,) : ].,. :-.,M^:=.. [ 0,,(^.,). : Q-. j , 

where Oi^i denotes the all- zero matrix ccmsisting of i rows and j columns and Q is the 
^ generator matrir of a Uneark.lvalued code of length If EiG) is of fuli rank over ¥, then 
the QPSK-modulated code C"achieves'''fun spatial diversity T. 

Theorem .28 Thematural spacertinie. code C associated with the rate 1/ L convolutional code 
C over 2, achieves full spatial diversity L for QPSK transmission if4he transfer funcizon 
. matrix G{D) of Q has^-prpjecHon^ffvJXsanH L as a, matrix of coefficients over F. . 

Theorenl 29 The ^aliied'spa^ceiiim^ 6odesC:=lAiBJandC^, L \ A\A@B] satisfy the 
QPSK binary hink -critdrioTv'ifand only if ihe ^t.-valued spaie'-time 'code^ A 'and B" do. 

Theorem 30 Let C be the L x n space-time, code of size M = 2"+- consisting of ihe code 

word matrices \ 

l.{xy)M, 
{x y)M2 



■,-C- = 
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c =: 



where. X 6 2-4,*y G-F'"''^"', and- (he T^-valued Mi, M2\ ^ '-^ Ml ' of standhrd' row /-^//je* P2"*-" 
satisfy ihc stackiucj consfruelidn cbnsfrohnls for QPSK-modulaicd codes. For i = 1 . 2:: , . 
lei (Mi,,M2,S :Mo) be- an C'-iuple of disiinci matrices' from the set {M\'\Mr, • • : ^'Mi] , 
Then, the space-time code'C^Jm consisting of '.the code words • > - • . :. . 

"(Xi yi)M21 (X2 y2)M22 :-,^i^m ,ym)M2rn . ; • 

(xi yi)Mn (±2 y2)M^2 ^-^-S • '(^m;j/i7v)Mf^: • ;-. . ■ 
is an a >: mn space-time code of size M"^ thai achieves fxdl diversity C. Setting (xi j/i ) = 
(x2 y2) = • •'• = (im ym) = y)''produces an Cx^iri 'spdcc'fiin'e code of sire SI tliat achieves 
full diversity. 

As a consequence of- these results, for example, thciinary ton^CQtian. polynomials of Table 
I can be used as one aspect of the current invention to generate linear, Z4-valued, rate 1/L 



convolutional codes whose natural space-time formatting achieves full spatial diversity L, 
More generally, any set of Z4- valued connection polynomials whose modulo 2 projections 
appear in the table can be used. 

. The transformation theorem- also extends to ^QPSKrmodlilatedMspaee-time codeS:;in a 
straightforward manner. . . t .» \ > r'-:'v:^ - ■ ■ ' 

Theorerh 31 Let C be a valued, Lxm ipdc^Himi code saiisf^^^ QPSI\ binary rank 

criterion with respect to. "^-indicants, and let.M be an m n/Z^A^yaly^^ yjhos^ .binary 

projection 0{M) is nonsingular over F. Consider the L x n space-time code M{C) ^consisting 
of all code word matrices 



M(c) = 



.e'lM' 
C2M 

cvM 



where c = [ Ci C2 ... cl ] G C. Then, M{C) satisfies the QPSK binary rank criterion 
and thus, for QPSK transmission, achieves fuW spatial diversity L. 
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Proof : Let c, c' be distinct ciode words in C,' aiVd let ' Ac = c'e^ c' Without loss of 
generality, Ac is assumed (o l)c of standard row type 1''2^-^ - Since 3(M) is nonsingular. we 
have /?(i)>(M} = 0 if Knd only if .5(.rf = 0. Hence,' M(Ac) is also^ of standard •"rdw type 
1^2^-^ It is to be sho\vn t'hal Z:CM(Ac)) i^ of ranli'^^ ' ' :• ^ ^ i. r .. , . 

Note that ..■■<.-■_. - • ; i. • ■• 



E(M(Ac)) = 



where Ac,- = 2Ac;. for i >-^. .•Suppose.there are coefBcieixts gi,.G2, • ,flL € F such that 

0 = ai ■ 0{Aci)0iM)e '■ ® a^- 0(Aci)0^ ■ • ■ 

ea^+i • /?(Aci+Jy9(M) - e ai 0(Ac'^)0{M) 
■ •■ . . - > • . : =: [ai0(Aci } • • :-©; a,^( Ac/) 0 Ac^^'^') © • • i © ai^.( Aci,)j/3(M). - 

Then, since /?(M) is'nonsingular, . ' 

, Ori^XAci) © ; • v^.af.5(4cf)-e,a(+i/5(^ci^^ © © az,/?( Ac^,) =0. ... 

But, by hypothesis, Z(Ac) is of full rank. Hence, a, = = • • • = = 0, and therefore 
H(M(Ac)) is also of full rank L as required. 

As in the binary case, the transformation- theoreiii implies that certain ^concatenated 
coding schemes preserve the'-full 'spatial diversitV df a space-time code/ finally, the results 
•'in Section 2.4 regai^ding the 'speciar cases of Z- = 2 and 3 for BPSK codes alVo lift to full 
diversity space-time' cocles for QPSK m 

3.2 Dyadic Construction - • ■• . ■: .: i j - . . •:■ . v..j_v. . .. ■ 
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Two.BPSK space-lime codes can. be directly combined as in a dyadic expansion lo produce • 
a.Z^-valued space-lime cpdc for QPSK modulalion. If the componeni codes satisfy the BPSK 
binary rank criterion, the composite code will satisfy Ahe-QPSK binary rank criterion. Such 
codes are also of interest because th.ey admij. low complexity, naultistage decoders based on 
the underlying binary codes. . - 

Theorem 32 Lei A and B- he binary" L x n space-time codes satisfying the BPSK binary 
rank criterion. Then the T^-valued space'lirne' code C = >1 -h 2Z5 is an L x n space-time code 
that satisfies the QPSK binary -rank criterion and thus, for QPSK modulation, achieves full 
spatial diversity L. . r . 

Proof: Let zi = aj + 2bi and ^ a2':+ 2b^ be^.co-d;e. -words in C,/with--ai , £' A,,a.nd 
bi,b2 e B. Then the Z4 difference between the two code words is ^ 

, Az = Aa + 2Va-|r2Ab, , ... . . 

where Aa = ai 0 a^^:Ab -= bj:®32i;and .?v^a-- (.1 'B-a-i) ©. a^. jjn the latter expression, 
1 denotes the all-one matrix and O denotes componentwise multiplication. The modulo 2 
projection is 0{Az) = Aa, which is nonsingular and equal to E(A2) unless Aa = 0. In the 
latter case, Va ="0, so- that Az =• 2Ab! Then E( A^-y Ab, which is nonsingular unless 
Ab = 0. ' . . , r V , . - ' ;. • . 



3.3 Mapping Codes to Space-Time Codes , - . , . ... _ , . 

Let C ,be a linear code of length n over. Z^i. For any^ code word c, let ^uv(c) denote 
the number of times -the symbol i G Z4: appears^in c,^ Furtherm^^ u,\(C) . denote. the 

maximum number of times the symbol ; € 2^ appears,. in any non-zero .code word of^C. 

The following theorem is a straightforward generalization of the (<imin, ^^max) upper bound 
on achievable spatial diversity for BPSK-modulated codes. t . . „ . ^. ■ . - • 0 '* 
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Theorem 33 Lei C bt a linear code of length n overX^., Thpn, for any OPSK transmission 
\format\ the ■corresponding space-ii mc cod^ C achieves, spatial diversify, ai^-jvost , ; 

L'< min{7l - u'o(C),n ~ max{iri(C);u'2(C)>*-,(b)}' +'l} - - ' 

: Proof: , The. same argument applies as in the; BPS.K case. 

It is . also worth, ppinting out that,, the. spatial diversity acliievable by a. space-time code 
, C is -at most, the spatial, diversity-;achievable; by any of its subcodes. For a linear Z^-valued 
code C, the code 2C is a subcode whose mini muni and rnaxi mum. Ham mi ng^ 
non-rzero codjs. words. are given by , . - .. . , 

<cfmax(2C7) = max{i/;i(c) + u;.*i(c)}. 
. Thus,, the following result, is produced., , . - 

Proposition 34 Let'k be d linear code: of iength'n over T^, Then, for any QPSK trans- 
mission format, the corresponding space-time cote C ^achieves spatial diversity at most 

4 Analysis of Existing Space-Time. Codes . - - / ^ . 

' 4.1 TSC-Space-Time'Trellis-Codes - ' ' ■ . : ~^ : ... m- 

Investigation ofnHe -'baseTSand Tank' and pfodiict distance criteria for a' variety of channel 
■conditions is 'l^riown; as w<^ll'as a-smalf h codes for lowlevels of spatial 

diversity tb illustfate the utHity-bf space-tinie coding-ideas. This ihvestigatioh, however, has 
not presented- any geherar sp'ace-tirrie dode designs or design* ruFes of wide applicability. 
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For /; = 2 transmit- antennas, four handcrafted space-time trellis codes, containing 4, 
S. IG, and 32 slates respectively, are known which achieve full spatial diversity. The 4-state 
code satisfies simple known design.rules regarding diverging and merging trellis branches, and 
therefore is of full rank, but other codes do not. These other codes require a more involved 
analysis exploiting geometric unifofni'ity iil order^ ta cWfinii-that full- spatial diversity is 
achieved. The binary rank criterion for QPSK-modulated space-time codes of the present 
invention; however, allows this deVefmmalrb¥ tVbe-'dbne* in Vslraightforward manner. In 
fatt, the binary analysis shows that airoflhe h^^'ndifafted 'codes' ^rhploy ^a! si 
device' to' ensure that fuU spati'il diversity is -arhievfei '- o,- .';. 

Convolutional encoder block diagrams for Z4 codes of ^are'shownMn' Figiife 5. The 4-state 
and 8-state codes are both linear ove^ Z^^,. with transfer, function matrices G4(Z>) = [ 1 ] 
and Gs{D) = [ D + 2D^ .1 +2D^ ]., respectively. By inspection, both satisfy the QPSK 
binary rank criterion of the present invention and therefore achieve L = 2 spatial diversity. 

The 16-state and 32-state codes are nonlinear -ovfef^'Zli] 'In 'this case,' thfe biiiafy'rank 
criterion of the preseiit invention js applied to all .^differences between cpde words. FOT.the 
16-state code, the code word rnatrices are of the fpllowii^g for . . . / -v.. ..^,1., 



c = 



z{D) 



For the 32-state code, the code words are given by 



■ x,(Z?) ■ 








12(D) 




1 + D + 2D^ " 


3jD2 



a{z{D)) 

Due to the initial delay structure (enclosed by dashed; bqx jn ;Fig.:'5,), that to all 

four code designs, the first unit input Zt = ±1 — or first.npn^erp .in 

only of multiples of 2-^results in two .consecutive columns thatiare multiplesjof [ D 1; .and 
[ 1, X j'^, where x G,Z4 is arbitrary. .The only _€;xception- occurs in .the c^e of th^,32-5tate 
code .when the first ±1 is immediately._preceded ,by,j. 2. .^^^^ this. , cA5e^ .the, last; nonzero entry 
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results in a column that is a multiple of [ l ""±l J'^. Hence, the ^'-projection of the code 
word differences is always of full rank. By the QPSK binary rank criterion of the present 
invention, all four codes achieve full L = 2 spatial diversity. 

For L = 4 transmit antennas, the full-diversity space-time code corresponding to the 
linear Z^-valued convolutional code with transfer function G{D) = [ID ' ' ] is 
known as a simple form of repetition .delay;diversity.- .-As noted in Theorem 13, this design 
readily generalizes to spatial diversity levels I > 4 in accordance with the general design 
criteria of the present invention. The stacking and related constructions discussed above, 
however, provide more general full-diversity space- time codes for £> 2. 

4.2 GFK Space-Time IxeUis C^pdes a^ - . ."'.V . ' • -- 

k if- .js, known, th^t trellis-coded 4elay diversity schemes achieve full spatial 
diversity with the fewest possible ^^Inbj^r.of trellis states. As a generalization . of the.TSC 
simple , design, rules for i = 2 diversity, the coiicept of zeroes symmetry to, guarantee full 
spatial diversity for Z, > 2 is known.. 

A computer search has been undertaken tp^identify space-time trellis codes of full diversity 
and good coding advantage. A table of best known codes for BPSK modulation is available 
which covers the cases of X = 2," 3, and 5 antehrf^T For QPSK codes, the table covers only 
L = 2. The 4-state and S-state QPSK codes -provide l,5,d.B.and .0.62 dB additional coding 
advantage, respectively, comparied t;0,the,corresppnding TSC;trellis. codes; 

All of the BPSK codes satisfy the, zer.qes symmetry criterion. Since zeroes symmetry 
for BPSK codes is a very special case-of satisfying the binary rank criterion of the present 
invention, all of the' BPSK ;cbd^es are specid cases of the more genfefal stacking construction 
of the present invention. ■ - 1- : ; . ; . - .' i - , . - ' .■ . , 

The known QPSK space-time cpdes ■are; difTerent. Some of the QPSK codes satisfy the 
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zeroes symmetry criterion; some do:not. Except for the trivial delay diversity code (con- 
straint length // = 2 with zeroes symmetry), all of them are nonlinear codes over that do 
not fall under any of our general constructions. 

The QPSK code of constraint length 2/ = 2 without zeroes symmetry consists of the code 
words c satisfying 



where a (D) and b{D) are binary information sequences'and for simplicity -h is used iristead 
of 64 to denote modulo 4 addition. The Z^-difference between two code* words Ci and Cj, 
corresponding to input sequences {ai{D) b{{D)) ancf {a2{D) hW) ), is given by 



Aa{D) + 2Va{D) + 2D Ab{D) 
2D Aa{D) + Ab{D) + 2Vb{Dy^^2DAb{:P) 



where Ad(I)) = ai(D)@a2{D)y Va(Zj) = (lBai(DiiyXD'<i7(D)l' ihid so forth.'-Here ©r^denotes 
componentwise rtiultiplicatioh (coeffi 

Note that' the Z^'-difFerence At is '-not a firrictVo'h of the biriary "^differences Aa^Z))' and 
Ab{D) alone but depends on the individual input sequenced ^{^Y and b{-E)) through the 
terms Va{D) and Vb{D)\ U Aa{'D) = qq ^'cL^D VtiD'^ + + d>i9^', -(a/e F), then" 

Aa(Z)) + 2Va(i?) = ±ao ± a^D ±,a2l>^ ± • ± «a^.^.^' ^. 

for some siiitable choice af sign at each coefBcient. ' ' ' ' - " "•' - • - ' ■ 

Projecting thecode word difference Ac rriodub' 2 gives • .'^ • . 



Mac) = 



,A6(-£>)„ 



which is nonsingularvttn.less either (i) Aa(.^) = .0, A6(,£>) .^^ 0^ (^li); A6(i)): =;0, Aa{.£>.-) ^iiO; 
or (in) Aa{D) = AtCZ?) 7^ 0. For case {{), one finds that -; . '•• 



'E(Ac) = A5(Z?) 



1 
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which is nonsingular. For case (?/): 

which is also aonsingular-: Finally, in case (n/),, 

Ac 

Thus, the i-ih column of 'Ac is given by 



1 

D 



Aa{D) + 2S7a{D) -f 2DAa{D) 
Aa(Z?) + 2Va(I>) 



(11) 



Consider the first k for which Aa/; = 1 and Aa/^+i = 0 (guaranteed to exist since the treUis 
is ternninated). Then the A:-th and {k + l)-th colunins.x>f . Ac\are ^jt = pil - ±1.]'^ and 
=' [ 2 0 respectively; ^ Thus,>^'(Ac^ is 'nohsihgular,''and 'the QPSIv binary rank 
criterion' is satisfiecl. Note th'at it is'the extra-dda^v'term the' upper expression bf^equation 
( il ) 'tha"t selves' to guarantee fuU > ' r : v'. 

' The QPSK code of constraint length 'i/ = 3 with zeroes symmetr}' consists of the code 
words c satisfying ; 



c(Z?r = (a(Z)) b{D)) 



2 : :s2D . . 



For this code, the binary ra.nk"a,n^lysis is even simpler. Thle projection jnodulo 2 of the 
difference Ac between two code words is given by 



1 



/3(Ac(£»» = Aa(£>) 
which is nonsingular unless Aa{D) =.0 and A6(Z)) r'O-: In the latter- case,-. 

■Ac = A6(Z>) 

r _ . „, 

t ^ • . 

whose Z- "and 'I'-indicants are "nonsingular. 
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The QPSK code of constraint length i/ = 3 without zeroes symmetry, consisting of the 
code words 



dDf = {a{D) b{D)) 



1+2D 2 



does not satisfy the QPSK binary rank criterion. Wheh Aa(Z))' =- O but Ab{D) 0\ 'ihe 
code word difTerence is ■ - 



Ac = 



Ab{D) + 2V6(Z?) + 2D AiC^) 



for which H(Ac) and *(Ac) are both singular. The latter can be easily discerned from the 
fact that the second row of Ac is two-times the first row. 

4.3- BBH Space-Time Trellis Codes - - / U.,:, r- ' - ; - : ; 

Another computer search, is kno>vn for jL. = 2. QPSK;trellis^cod^^^^ states 
which is similar to the one discussed ai>oye.. Tlie,r^sull^j^ ^^^^^Pi^k^^^s^t^fP^R.^Sr^^ 
regarding the optimal product distances.;; but,, interestingfy^ 

different generators. . This indicates that, at lea?^ . -(or L^;;2. spatial diye^^^ there is a 
multiplicity of optimal codes. " . 

All of the BBH codes are noji-linear oyer Z4. The 4-state and 16-state codes consist of 



the following code word matrices: 

4.state:. • g(^)'^ =^'1 C^(^)'^(^» ■ 



16-state: c(Z?)'^ , = {a{D) b[D)) 
The analysis showing that these two codes satisfy the QPSK binary rank criterion is straight- 



1+2Z) 2 + i5 + 2Z?^ 
2 ,+ 2P? 2D 



forward and similar to* that' given for the GFK codes. . '-. • - 
The S-state BBH code consists of the "code word matrices 



c(Z>)^ = («(l)t(0) 



D 1 1 

+ 2Z) + 2Z>^, 2 + 2I).|.'... ^ . . ... .. 
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which expression can be rearranged to give ; 



c(D) = aiD) 



D 
1 



+ '2b{D) 



1 -f D D- 
1 + Z)2 



Whereas the GFK S-state code does nqt satisfy the QPSK binary rank criterion, the BBH 
S-state code does and is in fact an example of our dyaclic construction C = A +■ 25. By 
inspection, the two binary component space-time codes A and B, with transfer functions 



D 
1 



'Gb{D) = 



1 



respectively, both satisfy the BPSK binary rank criterion. 

These results show that the class of space-time codes satisfying the binary rank criteria 
is indeed rich and includes, for every case searched thus far, optimal codes with respect to 
coding advantage. ■ — - ■■ - - - - ■ 



4.4 Space- Time Block Codes from Orthogonal Designs 
■; Known orthogonal designs can give rise to nonlinear space-time codes of very short block 
length provided the PSK modulation format is chosen so that the constellation is closed 
under complex conjugation. 

Consider the known design in which the modulated code words are of the form 



X2- . -"Xj 



where xi,X2 are BPSK constellation pbints. Assuming the on-axis BPSK constellation, the 
corresponding space-time, block code C consjsts.p all binary matrices of the form 



c = 



a b 
b IQa 



This simple code provides 1 = 2 diversity gai^n but no coding gain. The difference between 
two modulated code words has determinant 



det 



(-1)- - (-l)"^ " (-1)*' '- 
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which is zero if and only if the two code words are identical (aj = Q7 ^^nd 61 = /m). Oil -the 
other hand, the corresponding binary difference of the unmodulated code words is given by 



Ae: = 



Ql © «2 ^\ ^ ^2 
•61 '0)1)2 ' Oi Q 02 



But', if di ©'02 = 61 G ^2 "= 1, for exaniple, the difTerehce 'is' 

. Ac = 



1 1 
1 1 



a matrix that is singular over F. Hence, C achieves full spatial diversity but does not satisfy 
the BPSK binary rank criterion. 



5 Extensions to Non-Q-uasi-Static Fading Channels 



For the fast fading channel, the baseband model differs from equation (1) discussed in the 
background in that the complex path gains now vary independently from symbol to.symbol: 



Vt 



• : ^ (12) 



Let code word c be transmitted. In this case, the pairwise error probability that the decoder 
will prefer the alternate code word e to c can be upper bounded by 



P(c-.el{ao{0}) < 



1 



•nr=,(i+-u(c.)-/(e«)P^»/4A^o) 



where c/ is the Mh colufriri of c;-e, is the Mh column'-of e/rf- is 'th'e hiirnber of column^ c, 
that are different from e<, and . 



The diversity advantage is now dLr, and the coding advantage is /i. 

Thus,' "the design criteria- for space-time codes-over fast f aiding- channels are the -follow^^ 



.-55 



BNSDCCID: <WO 001B056A1JA> 



wo 00/18056 



iPCT/US99/21850 



(1) Distance Cntcrion: Maximize the number of column difTercnces r / = | {i : c['^ l^) \ 
over all pairs of distinct code words "c,e 6 C, and ' . . . : . 

(2) Product Cpt er/on : Maximize the coding advantage 

" " 'v=f n i7(q)-M)i') ■ - ' ^ ' 

over all pairs of distinct code words c,e € C. ^ : . , . , , 

Since real fading channels are neither qiiasi-sVatic nor fast 'fading but sornething in between, 
- designing space- time-codes Based dn"'a combiiiation of the quasi-static arid fast fading design 
criteria is useful/ Space-time codes designed according to the hybrid criteria are' hereafter 
referred to as "sma:rf greedy code's,^ meaning that the codes seek to exploit both'spatial and 
temporal diversity whenever available. 

A handcrafted exarnple of a Two-slate 'smart-greedy L = 2 

aiitenrias arid BPSK moduiati'ori is known. 'T^his code is a! "special case of the multi-stacking 
construction of the present invention applied' to the two binary rate 1/2 cohvolutional codes 
' having respective transfer function' matrices - ~* ' 



1 © D 
D 



G2{D) = 



1 

1 ©Z? 



The known M-TCM exaniple can also be analyzed using the binary rank criteria. Other 
smart-greedy examples iare based on traditional concatenated coding schemes with space- 
tini'e" trellis codes as inner codes. - " ^ ' ... 

The'generaT 1-4114*^^ B [;* 'de-stacking, multi-stacking, and concatenated code 

constructions of t lie present invention provide a large class of space-lime codes that arc 
''smart-greedy."^Fufth*efm6're, the comrnon practice in wireless corhnfiunications of interleav- 
mg within code words to' raridornize bursrefro^^ such* channels 'is a special ckse of the 
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transformation theorem. , Specific examples of new. more sophisticated smari^greedy codes 
can be easily obtained, for cxami^le, by de-slacking or multi-stacking the space-i ime trellis 
codes of Table I. These latter designs make possible the design of space-time overlays for 
existing wireless communication systems whose forward error correction schemes are based 
on standard convolutional codes.* The extra diversity of Ihe'spatial overlay woiild then serve 

to augment the protection provided by the tradijLiohal temporal coding. 

.,1* 

6 Extensions to Higher Order Constellatibris ^ " * • 

Direct extension of the binary rank analysis in accordance with the present invention to 
general L x n space--time cpdes oyer the alphabet for 2''-PSK modiilation, \vith. r > 3 
is difficult. Special cases such as S-PSK codes with L = 2, however, are, tractable. Thus, 
known SPSK-modulated space- time .codes are covered by the^ 
present invention. ^-^ . . . , . , . ; - 

For general constellations, multi-level coding techniciuesxan ,^ spape-time 
codes for high bit rate applications while admitting a smpler multi-kvel decoder. Multi- 
level PSK constructions are possible usi^ng methods of the present in Since at each 
level binary decisions are made, the binary rank criteria can be used in accordance with the 

present invention to design space-time codes that provide guaranteed levels of diversity at 

*,..; /'. ' ' \ , \ ) .^r^ 

each bit decision. , , . - * - . 3 , • " 

" ~ ' . I. 

To summarize, general design criteria for PSK-modulated space-tir^^^ codes have been 
developed in accordance with the present invention, b2Lsed on the binary rank^ of the unmod- 
ulated code words, to ensure that full spatial diversity is achieved. For BPSK :nrio.d^^^^ 
the binary rank criterion provides a complete characteri^atiou of sp^c^-tirne codes achieving 
full spatial diversity when no knowledge is available regardmg the distribute 
among the baseband differences. For QPSK modulation, the binary i^nk .cn 
broadly applicable. The binary design criteria signifiicantly sinapli^ the problem .of designing 
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space-time codes to achieve full spatial diversity. Much of what is currently known about 
PSK-modulated space-time codes is covered by the design criteria of the presscnt invention.. 
Finally, several new. construction methods of the present invention are-provided that are 
5,eneral. Powerful exeniplary: codes for- both ^;quasi-st at ic and time- varying: fading, channels 
have been identified based on the constructions of the current invention and the exemplary 
set of convolutional codes of Table I. .j.;; . , : 
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W'hatMs claimed is : " " ; • , 

- 1. A communicaridn system' comprisin'g: a framer for segmenting transmit data blocks 
into fixed -frame lengths for generating . inforniatibnr symbols from -a discrete alphabet of 
symbols; - " ^'---^^ • * - • * - 

a plurality of antenna links; - ' - - ' - - ' • ' ■ ' v • * ' • 

a channel encoder for encoding the generated information symbols with an error control 
code for producing code word symbols; 

a spatial formatter for parsing the produced code word symbols to allocate the symbols 
to a presentation order among said plurality of antenna links; and 

a phase shift keying modulator for mapping the parsed code word symbols onto con- 
stellation points from a discrete complex- valued signaling constellation according to binary 
projections to achieve spatial diversity. 

2. A communication system as recited in claim 1 comprising data terminal equipment 
(DTE) coupled to said framer for communicating digital cellular data blocks. 

3. A communication system as recited in claim 2 wherein said digital cellular data terminal 
equipment comprises Code Division Multiple Access (CDMA) systems. 

4. A communication system as recited in claim 2 wherein said digital cellular data terminal 
equipment comprises Time Division Multiple Access (TDMA) systems. 

5. A communication system as recited in claim 1 wherein said channel encoder comprises 
a mobile channel encoder producing the code word symbols having length of a multiple N of 
the number of said pluraHty of antenna links L, 
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6.^ A communication system as- recited in claim 5 wlierein'said' spatial format le'r parses 
the lengtli X of the produced code word symljols among L antennas. 

■ '7. A commimicat'ion System as 'irecited in claim 2 comprising- a pliirality of ' transmit 
- antennas, whefdn the com"t)i'riaUon'6f ckatinel encwiefr and spatial formatter are cfi-osen from 
the'clas.s of spstce-lihie-co-deS i'ati^fyirtg k bi'n^y rank -critefia. - . - 

S. A communication system- as' •recited in claim 2 comprising a pliita^lity of 'transmit 
antennas, wherein the cOmbinatio\i '6f channel" encoder and spatial forrhatter are' pi-oi,*ided 
with a stacking space-tirfife code c6n^^^ . : • , . . . 

9. A communication system as recited in claim 2 comprising a plurality of transmit 

a-ntennas, wherein binary pha^e shift keyiiigtBPSK)'moduiatibh is used knd t^e space-time 

■ code- is based on formatting- the^butpuV bf -convdlutibnal dhan'rier encodei- for preseh 
across the transmit antennas. i, • 

10. A Communication system ai recited' m dkik 2-Vompfising' a plu^^^ transmit 
' antennas, wheireiii a cbncatenated'space-tirtie in which the outer code is used to 

satisfy a binary-'rank critena and'iiiuitipl^ mnef' transmitted 
mformation from the multiple transmit knteiinas.' " : - - 

- ir. A 'ebmniunication 'sysUrii as' recitfed in 'claim 2' tomprising- a pliirality of transmit 
anteiihas, wherei'ri a bbncateriated^pacVtime code i^' us-ed in \Vhich th^ iniier code is composed 
of a channel encoded 'and a spatiaT formatter designed tW satisfy a bmary rank criteria. 

"12. A', communication systeni ks^ recitk' m "claim 2' co'mpriiihg a pliirality ' of transmit 
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antennas, wherein the conabinalion of. channel encoder, and spatial formfitter arc covered by 
a mulii-slacking consiruciion.' , . . • - • 

.13. A communication system as- recited in. claim 2 ..cqnaprismg a plurality -of transmit 
antennas,, wherein. quadrature phase shift keying (QPSK) .TOpdulatjan is. used and the. space- 
time code is covered by a stacking,- multi-stacking,. or. de;S>acliirxg^ 

1,4. A ^cornmunication system as recited. in claim 2 po.niprising, a plurality of transmit 
antennas, wherein QPSK modulation is used .^nd the space-timj? code is bctsed on formatting 
the output of a linear convolutional code over ,thejing. of -integers modulo 4 for presentation 
across the multiple transmit antennas. 

_15. ^A .communicatipn system ^as- recited in clairn^2 ^ppprising- a plurality of^trapsmit 
.antennas,, wherein. QPSK modulation is used and the ^pace^tirn^e .code emplpys a -dyadic 

construction. 

16. A communication system as recited i^j. claim 2.^coniprising a plurality of transmit 
antennas, wherein nriultirlevel coded rnpdulation and .muUjySjLage^d^ are used and the 
binary space^tirrie code ,em|)loyed in each Jevel belongs to the dciss of codes that satisfy the 
binary rank criterion or anj' of the constructions, ■ _ , ^ • ^. , „ ^. - 

17. A communication system as recited in , clairn 2 comprjsmg, two.. transmit antennas 
wherein M-ary P5K modulation, M,=S or niore, is used and. the sp^ce-U^^^^^ code .belongs to 
a class satisfying the bin.ary rank criteria-or any .of .the constructions,. . . , 

18. A, communication system as. recited ,in daini ?. cpmprisjn^ a plurality . of , transmit 
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antennas, wherein graphical space-time codes are designed such that the code -eneratin- 
matrix satisfies the stacking, multi-stacking, or de-stacking construction. 

19. A communications method comprising: 
^pnerating in^prm.ation symbols^or data block frames of fixed leng;th; 
encoding the generated information symbols with an underlying error control code to 
produce the code word symbols^ 

parsing the produced code word symbols to allocate the symbols in a presentation order 
to a pluraHty of antenna links;. 

, . .mapping the parsed code \vor^ sjTObols onto points from a discrete^omplex- 

valued signaling constellation; 

transmitting the modulated symbols across a communication channel with the plurality 
of antenna links; 

. providing a plurality of ,rec^ a, receiver to collect incoming, transmissions; 

cind 

decoding received baseband signals with a space-time decoder. 

. ^^^""^ ^^^^ 1.9. ^yherein, said encoding and parsing steps are performed 

%vith a space-time encoder having a channel encoder and a space-time formatter. 

, 21. A communications system cpmprising:- 

means for generating information symbols f9r d.ata block frarnes of fixed length; 

means for encoding the generated information symbols with an 5 underlying error control 
code to produce the code word symbols; 

means for parsing the produced code word symbols to allocate the symbols in a presen- 
tation order to a plurality of antenna links; 
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means for mapping the parsed code word symbols onto cdnstellalioh points frorh a dlscrcte 
complex- valued signaling constellation; 

means for transmitting the modulated symbols across a communication channel with the 
plurality of antenna links; 

means for providing a plurality of receive antennas afa receiver' to collect incoming trans- 
missroris; and' * - • ^ 

means for decoding received base band signals with a ^pace-time decoder. 



22. A communication system as recited in claim 21 wherein'said encoding means comprises 
a mobile channel encoder producing the codeword symb<^s'iia\Tng length'of a nlultiple K of 
the number of said plurality of antenna links L. 

23. A communication system as recited in claim 22 wherein said parsing means corripri'ses 
a spatial fdrrhaltcr for parsing the length N of the^ produced' code' word syinbols' ar^ L 
antennas. 

24. A communication system as recited in claim 21 wherein said encoding and parsing 
■ means comprise a space-tifne encoder having a channel eh co'der and'a space-time formatter. 

25. A communication system as recited in claim 24 comprising receiving means for col- 
lecting incoming transmissions demodulated' with a phase is'liift ke5nhg deiriodulatbr and a 
space-time decoder to demodulate the code w'ord symbols.* 

^ ■ 'c • :■ -:• - ^L..^s i ^ / 
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